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1 Mode coupling matrix computation

The goal of this section is to provide a very detailed computation of the effect of window functions
on CMB power spectra estimation. We describe the algorithm implemented in pspy to compute the
mode coupling matrices and deconvolve them. There is a lot of literature on the subject, without
trying to be exhaustive we have used in particular Hivon et al, Couchot et al and Brown et al. We
also recommend the Namaster scientific documentation.

1.1 Mode coupling for spin 0×0 power spectra on the sphere

Let us consider with the decomposition of a spin 0 field (e.g the CMB temperature map) in spherical
harmonics. In practice, pspy use the sharp module included in pixell). Let’s denote by ν the frequency
of observation.

T ν(n̂) =
∑
`m

aν`mY`m(n̂) (1)

aT,ν`m =

∫
dn̂T ν(n̂)Y ∗`m(n̂) (2)

Due to foreground contamination or simply incomplete sky observation, a realistic temperature map
is given by the product of the temperature map with a window function. The harmonic transform of
this product is given by

ãT,ν`m =

∫
dn̂T ν(n̂)W ν(n̂)Y ∗`m(n̂)

ãT,ν`m =
∑
`′m′

aν`′m′

∫
dn̂Y`′m′(n̂)W ν(n̂)Y ∗`m(n̂)

ãT,ν`m =
∑
`′m′

Kν
`m,`′m′a

T,ν
`′m′ . (3)

As can seen from this equation, the effect of incomplete observation (encoded into the window function)
is to couple otherwise independent modes a`m. The coupling is represented by the coupling kernel
Kν
`1,m1,`2,m2

. The expectation value of our estimator for the power spectra of the temperature maps
T ν1(n̂) and T ν2(n̂) is given by

〈C̃Tν1Tν2` 〉 =
1

2`+ 1

∑̀
m=−`

〈ãT,ν1`m ãT,ν2,∗`m 〉 (4)

=
1

2`+ 1

∑̀
m=−`

〈
∑
`1m1

Kν1
`m,`1m1

aT,ν1`1m1

∑
`2m2

Kν2∗
`m,`2m2

aT,ν2∗`2m2
〉 (5)

=
1

2`+ 1

∑̀
m=−`

∑
`1m1

〈CTν1Tν2`1
〉Kν1

`m,`1m1
Kν2∗
`,m,`1,m1

(6)
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To go further we need to develop the expression for the coupling kernel

Kν1
`1m1,`2m2

=

∫
dn̂Y ∗`1m1

(n̂)W ν1(n̂)Y`2m2(n̂) (7)

=
∑
`3,m3

wν1`3,m3

∫
dn̂Y ∗`1m1

(n̂)Y`3m3(n̂)Y`2m2(n̂) (8)

The integral can be express in term of Wigner 3j symbol∫
dn̂Y ∗`1m1

(n̂)Y`3m3(n̂)Y`2m2(n̂) = (−1)m1

[
(2`1 + 1)(2`2 + 1)(2`3 + 1)

4π

]1/2

(9)

×
(
`1 `2 `3
0 0 0

)(
`1 `2 `3
−m1 m2 m3

)
.

The next move is to expand our formula for the expectation value of our power spectrum estimator

〈C̃Tν1Tν2` 〉 =
∑
`1

2`1 + 1

4π
〈CTν1Tν2`1

〉
∑
`3,m3

wν1`3,m3

∑
`4,m4

wν2∗`4,m4
(2`3 + 1)1/2(2`4 + 1)1/2

×
(
` `1 `3
0 0 0

)(
` `1 `4
0 0 0

) ∑
m,m1

(
` `1 `3
−m m1 m3

)(
` `1 `4
−m m1 m4

)
(10)

That looks horrible but one nice thing about Wigner 3j symbol is the following property∑
m1m2

(
`1 `2 `3
m1 m2 m3

)(
`1 `2 `

′
3

m1 m2 m
′
3

)
= δ

m3m
′
3
δ
`3`
′
3
δ(`1, `2, `3)

1

2`3 + 1
(11)

where δ(`1, `2, `3) = 1 when the triangular relation ‖`1−`2‖ ≤ `3 ≤ `1−`2 is satisfied, and δ(`1, `2, `3) =
0 otherwise. This allows to drastically simplify the expression

〈C̃Tν1Tν2` 〉 =
∑
`1

2`1 + 1

4π
〈CTν1Tν2`1

〉
∑
`3,m3

wν1`3,m3

∑
`4,m4

wν2∗`4,m4
(2`3 + 1)1/2(2`4 + 1)1/2

×
(
` `1 `3
0 0 0

)(
` `1 `4
0 0 0

)
δm3m4δ`3`4δ(`1, `2, `3)

1

2`3 + 1

=
∑
`1

2`1 + 1

4π
〈CTν1Tν2`1

〉
∑
`3,m3

wν1`3,m3
wν2,∗`3,m3

(
` `1 `3
0 0 0

)2

=
∑
`1

2`1 + 1

4π
〈CTν1Tν2`1

〉
∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
0 0 0

)2

=
∑
`1

M00,ν1ν2
`,`1

〈CTν1Tν2`1
〉 (12)

At the end, the expression of the mode coupling is simply

Mν1ν200
`,`1

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
0 0 0

)2

(13)

with Wν1ν2
`3

the cross power spectrum of the window function of the map at frequency ν1 and ν2. In
pspy, the mode coupling is computed using the fortran routine calc mcm spin0 in mcm fortran.f90.

1.2 Mode coupling for spin 2 × 2 power spectra on the sphere

Let us now consider the polarisation case, the polarisation field ±2P
ν(n̂) = (Qν ± iUν)(n̂) is a spin 2

field on the sphere. It can be decomposed into E and B modes

±2P
ν(n̂) = −

∑
`m

(aE,ν`m ± ia
B,ν
`m )±2Y`m(n̂) (14)
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where ±2Y`m(n̂) are spin-2 spherical harmonics. We can inverse this expression and expresse aE,ν`m and

aB,ν`m as a function of ±2P
ν(n̂)

aE,ν`m = −1

2

∫
(2P

ν(n̂)2Y
∗
`m(n̂) + −2P

ν(n̂)−2Y
∗
`m(n̂)) dn̂

aB,ν`m =
i

2

∫
(2P

ν(n̂)2Y
∗
`m(n̂)− −2P

ν(n̂)−2Y
∗
`m(n̂)) dn̂ (15)

or simply

aE,ν`m ± ia
B,ν
`m = −

∫
±2P

ν(n̂)±2Y
∗
`m(n̂)dn̂ (16)

including a window function we get

ãE,ν`m ± iã
B,ν
`m = −

∫
W ν(n̂)±2P

ν(n̂)±2Y
∗
`m(n̂)dn̂ (17)

re-expending ±2P
ν(n̂) in spherical harmonic

ãE,ν`m ± iã
B,ν
`m =

∑
`′m′

(aE,ν`′m′ ± ia
B,ν
`′m′)

∫
W ν(n̂)±2Y`′m′(n̂)±2Y

∗
`m(n̂)dn̂ (18)

Then

ãE,ν`m =
1

2

∑
`′m′

aE,ν`′m′

[∫
W ν(n̂)2Y`′m′(n̂)2Y

∗
`m(n̂)dn̂+

∫
W ν(n̂)−2Y`′m′(n̂)−2Y

∗
`m(n̂)dn̂

]
+

i

2

∑
`′m′

aB,ν`′m′

[∫
W ν(n̂)2Y`′m′(n̂)2Y

∗
`m(n̂)dn̂−

∫
W ν(n̂)−2Y`′m′(n̂)−2Y

∗
`m(n̂)dn̂

]
=

1

2

∑
`′m′

Kdiag,ν
`m,`′m′a

E,ν
`′m′ + iKoff,ν

`m,`′m′a
B,ν
`′m′ (19)

and

ãB,ν`m =
−i
2

∑
`′m′

aE,ν`′m′

[∫
W ν(n̂)2Y`′m′(n̂)2Y

∗
`m(n̂)dn̂−

∫
W ν(n̂)−2Y`′m′(n̂)−2Y

∗
`m(n̂)dn̂

]
+

1

2

∑
`′m′

aB,ν`′m′

[∫
W ν(n̂)2Y`′m′(n̂)2Y

∗
`m(n̂)dn̂+

∫
W ν(n̂)−2Y`′m′(n̂)−2Y

∗
`m(n̂)dn̂

]
=

1

2

∑
`′m′

−iKoff,ν
`m,`′m′a

E,ν
`′m′ +Kdiag,ν

`m,`′m′a
B,ν
`′m′ (20)

We can see that the effect of applying a window function on the CMB polarisation field is not only to
couple different multipoles but also to couple E and B modes(

ãE,ν`m

ãB,ν`m

)
=

1

2

∑
`′m′

(
Kdiag,ν
`m,`′m′ iKoff,ν

`m,`′m′

−iKoff,ν
`m,`′m′ Kdiag,ν

`m,`′m′

)(
aE,ν`′m′

aB,ν`′m′

)
(21)

The expectation value of our estimator for the power spectrum of E modes is given by

〈C̃Eν1Eν2` 〉 =
1

2`+ 1

∑̀
m=−`

〈ãE,ν1`m ãE,ν2,∗`m 〉

=
1

4(2`+ 1)

∑̀
m=−`

〈
∑
`1m1

∑
`2m2

(Kdiag,ν1
`m,`1m1

aE,ν1`1m1
+ iKoff,ν1

`m,`1m1
aB,ν1`1m1

)(Kdiag,ν2,∗
`m,`2m2

aE,ν2,∗`2m2
− iKoff,ν2,∗

`m,`2m2
aB,ν2,∗`2m2

)〉

=
1

4(2`+ 1)

∑̀
m=−`

∑
`1m1

Kdiag,ν1
`m,`1m1

Kdiag,ν2,∗
`m,`1m1

〈CEν1Eν2`1
〉+Koff,ν1

`m,`1m1
Koff,ν2,∗
`m,`1m1

〈CBν1Bν2`1
〉

(22)
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Note that we dropped the imaginary terms in this expression, they are zero due to the symmetry
properties of the Wigner 3j symbols. Similarly the estimator for the B modes power spectrum

〈C̃Bν1Bν2` 〉 =
1

4(2`+ 1)

∑̀
m=−`

∑
`1m1

Kdiag,ν1
`m,`1m1

Kdiag,ν2,∗
`m,`1m1

〈CBν1Bν2`1
〉+Koff,ν1

`m,`1m1
Koff,ν2,∗
`m,`1m1

〈CEν1Eν2`1
〉

(23)

For the cross power spectrum between E and B modes we get

〈C̃Eν1Bν2` 〉 =
1

2`+ 1

∑̀
m=−`

〈ãE,ν1`m ãB,ν2,∗`m 〉

=
1

4(2`+ 1)

∑̀
m=−`

〈
∑
`1m1

∑
`2m2

(Kdiag,ν1
`m,`1m1

aE,ν1`1m1
+ iKoff,ν1

`m,`1m1
aB,ν1`1m1

)(iKoff,ν2,∗
`m,`2m2

aE,ν2,∗`2m2
+Kdiag,ν2,∗

`m,`2m2
aB,ν2,∗`2m2

)〉

=
1

4(2`+ 1)

∑̀
m=−`

∑
`1m1

Kdiag,ν1
`m,`1m1

Kdiag,ν2,∗
`m,`1m1

〈CEν1Bν2`1
〉 −Koff,ν1

`m,`1m1
Koff,ν2,∗
`m,`1m1

〈CBν1Eν2`1
〉 (24)

So we have to expand and simplify terms like

M++
``1

=
1

4(2`+ 1)

∑
mm1

Kdiag,ν1
`m,`1m1

Kdiag,ν2,∗
`m,`1m1

(25)

M−−``1 =
1

4(2`+ 1)

∑
mm1

Koff,ν1
`m,`1m1

Koff,ν2,∗
`m,`1m1

(26)

let’s do it

Kdiag,ν1
`m,`1m1

=

[∫
W ν1(n̂)2Y`1m1(n̂)2Y

∗
`m(n̂)dn̂+

∫
W ν1(n̂)−2Y`1m1(n̂)−2Y

∗
`m(n̂)dn̂

]
=

∑
`3m3

wν1`3m3

[∫
Y`3m3(n̂)2Y`1m1(n̂)2Y

∗
`m(n̂)dn̂+

∫
Y`3m3(n̂)−2Y`1m1(n̂)−2Y

∗
`m(n̂)dn̂

]
(27)

Using the definition of the Wigner 3j symbol and its expression in term of integral of spherical har-
monics ∫

dn̂ 2Y
∗
`m(n̂)Y`3m3(n̂)2Y`1m1(n̂) = (−1)m1

[
(2`+ 1)(2`1 + 1)(2`3 + 1)

4π

]1/2

(28)

×
(
` `1 `3
2 −2 0

)(
` `1 `3
−m m1 m3

)
similarly ∫

dn̂ −2Y
∗
`m(n̂)Y`3m3(n̂)−2Y`1m1(n̂) = (−1)m1

[
(2`+ 1)(2`1 + 1)(2`3 + 1)

4π

]1/2

(29)

×
(

` `1 `3
−2 2 0

)(
` `1 `3
−m m1 m3

)
we get

Kdiag,ν1
`m,`1m1

=
∑
`3m3

wν1`3m3
(−1)m1

[
(2`+ 1)(2`1 + 1)(2`3 + 1)

4π

]1/2

(30)

×
(

` `1 `3
−m m1 m3

)[(
` `1 `3
−2 2 0

)
+

(
` `1 `3
2 −2 0

)]
.
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Another properties of Wigner 3j is(
`1 `2 `3
m1 m2 m3

)
= (−1)`1+`2+`3

(
`1 `2 `3
−m1 −m2 −m3

)
(31)

So the expression simplifies to

Kdiag,ν1
`m,`1m1

=
∑
`3m3

wν1`3m3
(−1)m1

[
(2`+ 1)(2`1 + 1)(2`3 + 1)

4π

]1/2

(32)

×
(

` `1 `3
−m m1 m3

)(
` `1 `3
2 −2 0

)
(1 + (−1)`+`1+`3).

With this we can expand the coupling term and simplify them

Mν1ν2++
``1

=
2`1 + 1

4π

∑
`3,m3

wν1`3,m3

∑
`4,m4

wν2∗`4,m4
(2`3 + 1)1/2(2`4 + 1)1/2

×
(
` `1 `3
2 −2 0

)2

δm3m4δ`3`4δ(`1, `2, `3)
1

2`3 + 1

(1 + (−1)`+`1+`3)

2

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
2 −2 0

)2
(1 + (−1)`+`1+`3)

2
(33)

Using the exact same math we derive the expression for

Mν1ν2−−
``1

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
2 −2 0

)2
(1− (−1)`+`1+`3)

2
. (34)

These two matrices can be used to relate the observed power spectra to the true underlying power
spectra

〈C̃Eν1Eν2` 〉
〈C̃Eν1Bν2` 〉
〈C̃Bν1Eν2` 〉
〈C̃Bν1Bν2` 〉

 =


Mν1ν2++
``1

0 0 Mν1ν2−−
``1

0 Mν1ν2++
``1

−Mν1ν2−−
``1

0

0 −Mν1ν2−−
``1

Mν1ν2++
``1

0

Mν1ν2−−
``1

0 0 Mν1ν2++
``1



〈CEν1Eν2`1

〉
〈CEν1Bν2`1

〉
〈CBν1Eν2`1

〉
〈CBν1Bν2`1

〉

 (35)

Along with spin 0x0 and spin 0x2 mode coupling matrices, In pspy, this expression is computed
using the fortran routine calc mcm spin0and2 in mcm fortran.f90.

1.3 Mode coupling for spin 0×2 power spectra on the sphere

The expectation value of our estimator for the TE power spectrum is given by

〈C̃Tν1Eν2` 〉 =
1

2`+ 1

∑̀
m=−`

〈ãT,ν1`m ãE,ν2,∗`m 〉

=
1

2(2`+ 1)

∑̀
m=−`

〈
∑
`1m1

∑
`2m2

(Kν1
`m,`1m1

aν1`1m1
)(Kdiag,ν2,∗

`m,`2m2
aE,ν2,∗`2m2

− iKoff,ν2,∗
`m,`2m2

aB,ν2,∗`2m2
)〉

=
1

2(2`+ 1)

∑̀
m=−`

∑
`1m1

K ,ν1
`m,`1m1

Kdiag,ν2,∗
`m,`1m1

〈CTν1Eν2`1
〉 (36)

=
∑
`1

Mν1ν202
``1

C
Tν1Eν2
` (37)
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Note that we dropped the imaginary term, this is because term of the form K ,ν1
`m,`1m1

Koff,ν2,∗
`m,`1m1

are zero
by symmetry, indeed they involve product such as

I(`, `1, `3) =

(
` `1 `3
0 0 0

)[(
` `1 `3
−2 2 0

)
−
(
` `1 `3
2 −2 0

)]
= (−1)`+`1+`3

(
` `1 `3
0 0 0

)[(
` `1 `3
2 −2 0

)
−
(

` `1 `3
−2 2 0

)]
= −I(`, `1, `3) (38)

Where we also use the fact that

(
` `1 `3
0 0 0

)
is non zero only when ` + `1 + `3 is an even number

(another property of Wigner 3j). Using the development in Wigner 3j we get an expression for Mν1ν202
``1

Mν1ν202
``1

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
2 −2 0

)(
` `1 `3
0 0 0

)
(39)

Note that this derivation is also valid for C̃
Eν1Tν2
` , C̃

Tν1Bν2
` and C̃

Bν1Tν2
`

1.4 Summary

The effect of the window function on the CMB power spectra can therefore be written in term of a
mode coupling matrix, also coupling E and B modes together



〈C̃
Tν1Tν2
`

〉

〈C̃
Tν1Eν2
`

〉

〈C̃
Tν1

Bν2
`

〉

〈C̃
Eν1

Tν2
`

〉

〈C̃
Bν1

Tν2
`

〉

〈C̃
Eν1

Eν2
`

〉

〈C̃
Eν1

Bν2
`

〉

〈C̃
Bν1

Eν2
`

〉

〈C̃
Bν1Bν2
`

〉



=
∑
`1



M
ν1ν200
``1

0 0 0 0 0 0 0 0

0 M
ν1ν202
``1

0 0 0 0 0 0 0

0 0 M
ν1ν202
``1

0 0 0 0 0 0

0 0 0 M
ν1ν202
``1

0 0 0 0 0

0 0 0 0 M
ν1ν202
``1

0 0 0 0

0 0 0 0 0 M
ν1ν2++
``1

0 0 M
ν1ν2−−
``1

0 0 0 0 0 0 M
ν1ν2++
``1

−Mν1ν2−−
``1

0

0 0 0 0 0 0 −Mν1ν2−−
``1

M
ν1ν2++
``1

0

0 0 0 0 0 M
ν1ν2−−
``1

0 0 M
ν1ν2++
``1





〈C
Tν1

Tν2
`1

〉

〈C
Tν1

Eν2
`1

〉

〈C
Tν1

Bν2
`1

〉

〈C
Eν1

Tν2
`1

〉

〈C
Bν1

Tν2
`1

〉

〈C
Eν1

Eν2
`1

〉

〈C
Eν1

Bν2
`1

〉

〈C
Bν1

Eν2
`1

〉

〈C
Bν1

Bν2
`1

〉



(40)

Which can be re-written C̃Xν1Yν2 = MXν1Yν2Wν1Zν2
CWν1Zν2 When the window is defined such as all

angular scale can be represented (one important condition is that there are at least two (non zero)
pixels of the window point separated by 180 degree), the matrix is invertible and we can recover
unbiased power spectrum by computing CXν1Yν2 = (M−1)Xν1Yν2Wν1Zν2

C̃Wν1Zν2 . In pspy this is an
option in the bin spectra in the so spectra module.

1.5 Binning

If not all angular scales can be represented, for example due to the smallness of the window function,
we can still deconvolve the effect of the mask but it requires first binning the mode coupling matrix
element.

Mν1ν2
bb1

=
∑
`,`1

Pb`M
ν1ν2
``1

Q`1b1 (41)

There are two options for the Pb` matrix in pspy, you can either bin C`

P
(C`)
b` = 1/∆`b `low

b ≤ ` ≤ `high
b

= 0 otherwise (42)

with ∆`b = `high
b − `low

b , or you can bin D` = `(`+ 1)/2πC`

P
(D`)
b` = .

`(`+ 1)

2π∆`b
`low
b ≤ ` ≤ `high

b

= 0 otherwise (43)
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for CMB power spectra that are pretty red, binning D` is recommended. Similarly we have two
different Q`b matrices

Q
(C`)
`b = 1 `low

b ≤ ` ≤ `high
b

= 0 otherwise

Q
(D`)
`b =

2π

`(`+ 1)
`low
b ≤ ` ≤ `high

b

= 0 otherwise.

(44)

1.6 Deconvolving beam and transfer function

In pspy the mode coupling deconvolution also serves for deconvolving beam and transfer function. The
following modification of the mode coupling matrix is done

Mν1ν2
``1

= Mν1ν2
``1

F ν1`1 F
ν2
`1
Bν1
`1
Bν2
`1

(45)

Where Bν1
`1

is the beam harmonic transform at frequency ν1 and F ν1`1 is the map transfer function.

2 Covariance

The goal of this section is to provide a very detailed computation of the covariance matrices of
CMB power spectra. We describe the algorithm implemented in pspy to compute them. See also:
https://arxiv.org/pdf/1609.09730.pdf

2.1 Covariance of a spin 0 x spin 0 power spectrum on the sphere

Let’s start with a simple data model, the observed temperature field at frequency ν1 is related to the
true temperature field by

T̃ ν1(n̂) = W ν1
T (n̂)

(∫
Bν1(n̂, n̂′)T ν1(n̂′)dn̂′ + nν1(n̂)

)
(46)

Here W ν1
T is the window function, Bν1(n̂) is the beam of the instrument and nν1(n̂) is the instrumental

noise. In harmonic space, this expression becomes

T̃ ν1`m =
∑
`′m′

Kν1
`m,`′m′(B

ν1
`′ a

ν1
`′m′ + nν1`′m′) (47)

With the coupling kernel

Kν1
`m,`′m′ =

∫
dn̂Y`′m′(n̂)W ν1

T (n̂)Y ∗`m(n̂). (48)

An estimate of the power spectrum can be written

〈C̃Tν1Tν2` 〉 =
∑
`1

M00,ν1ν2
``1

〈CTν1Tν2`1
〉 (49)

Where Mν1ν200
``1

is the standard master mode coupling matrix for spin 0 × spin 0 spectra.

Mν1ν200
``1

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
0 0 0

)2

. (50)

An unbiased estimator for the spectra can be formed using
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Ĉ
Tν1Tν2
b =

∑
b′

(Mν1ν200)−1
bb′ C̃

Tν1Tν2
b (51)

C̃
Tν1Tν2
b = Pb`C̃

Tν1Tν2
` (52)

Mν1ν200
bb′ = Pb`M

ν1ν200
``′ Bν1

`′ B
ν2
`′ Q`′b′ (53)

The variance of the binned unbiased estimator is then given by

Ξ
Tν1×Tν2 ,Tν3×Tν4
bb′ = 〈(ĈTν1Tν2b − CTν1Tν2b )(Ĉ

Tν3Tν4
b′ − CTν3Tν4b′ )〉

= (Mν1ν200)−1
bb1
〈C̃Tν1Tν2b1

C̃
Tν3Tν4
b2

〉(Mν3ν400)−1,t
b2b′
− CTν1Tν2b C

Tν3Tν4
b′

= (Mν1ν200)−1
bb1
Pb1`1Pb2`2〈C̃

Tν1Tν2
`1

C̃
Tν3Tν4
`2

〉(Mν3ν400)−1,t
b2b′
− CTν1Tν2b C

Tν3Tν4
b′

≈ (Mν1ν200)−1
bb1
Pb1`1Pb2`2〈∆C̃

Tν1Tν2
`1

∆C̃
Tν3Tν4
`2

〉(Mν3ν400)−1,t
b2b′

(54)

We are left with computing:

〈∆C̃Tν1Tν2`1
∆C̃

Tν3Tν4
`2

〉 = 〈 1

2`1 + 1

∑
m1

T̃ ν1`1m1
T̃ ν2∗`1m1

1

2`2 + 1

∑
m2

T̃ ν3`2m2
T̃ ν4∗`2m2

〉 − 〈C̃Tν1Tν2`1
〉〈C̃Tν3Tν4`2

〉

= f`1`2
∑
m1m2

〈T̃ ν1`1m1
T̃ ν3`2m2

〉〈T̃ ν2∗`1m1
T̃ ν4∗`2m2

〉+ 〈T̃ ν1`1m1
T̃ ν4∗`2m2

〉〈T̃ ν2`1m1
T̃ ν3∗`2m2

〉 (55)

f`1`2 =
1

2`1 + 1

1

2`2 + 1
(56)

Where we have used the Wick theorem to expand the four point function

〈T̃ ν1`1m1
T̃ ν2∗`1m1

T̃ ν3`2m2
T̃ ν4∗`2m2

〉 = 〈T̃ ν1`1m1
T̃ ν2∗`1m1

〉〈T̃ ν3`2m2
T̃ ν4∗`2m2

〉+ 〈T̃ ν1`1m1
T̃ ν3`2m2

〉〈T̃ ν2∗`1m1
T̃ ν4∗`2m2

〉+ 〈T̃ ν1`1m1
T̃ ν4∗`2m2

〉〈T̃ ν2∗`1m1
T̃ ν3`2m2

〉(57)

We can expand the first term

T1 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
T̃ ν3`2m2

〉〈T̃ ν2∗`1m1
T̃ ν4∗`2m2

〉 (58)

= f`1`2
∑
m1m2

∑
`3m3

∑
`4m4

Kν1
`1m1,`3m3

Kν3
`2m2,`3m3

Kν2∗
`1m1,`4m4

Kν4∗
`2m2,`4m4

C
Tν1Tν3
`3

C
Tν2Tν4
`4

(59)

We are basically stuck here and have to rely on harsh approximation to go further. We will remove
the power spectra from the sum and replace their product by a symmetric version

T1 = f`1`2C
Tν1Tν3
`1`2

C
Tν2Tν4
`1`2

∑
m1m2

∑
`3m3

∑
`4m4

Kν1
`1m1,`3m3

Kν3
`2m2,`3m3

Kν2∗
`1m1,`4m4

Kν4∗
`2m2,`4m4

(60)

C
Tν1Tν3
`1`2

=
C
Tν1Tν3
`1

+ C
Tν1Tν3
`2

2
(61)

Then we use∑
`3m3

Kν1
`1m1,`3m3

Kν3∗
`2m2,`3m3

=
∑
`3m3

∫
dn̂1Y`3m3(n̂1)W ν1

T (n̂1)Y ∗`1m1
(n̂1)

∫
dn̂2Y

∗
`3m3

(n̂2)W ν3
T (n̂2)Y`2m2(n̂2)

=

∫
dn̂1Y`2m2(n̂1)W ν1

T (n̂1)W ν3
T (n̂1)Y ∗`1m1

(n̂1) = Kν1ν3
`1m1,`2m2

(62)

The covariance matrix can finally be written

〈∆C̃Tν1Tν2`1
∆C̃

Tν3Tν4
`2

〉 ≈ f`1`2C
Tν1Tν3
`1`2

C
Tν2Tν4
`1`2

∑
m1m2

Kν1,ν3
`1m1,`2m2

Kν2,ν4
`1m1,`2m2

(63)

+ f`1`2C
Tν1Tν4
`1`2

C
Tν2Tν3
`1`2

∑
m1m2

Kν1,ν4
`1m1,`2m2

Kν2,ν3
`1m1,`2m2

(64)

= C
Tν1Tν3
`1`2

C
Tν2Tν4
`1`2

M̄`1`2(W ν1,
T W ν3

T ,W ν2
T W ν4

T )) (65)

+ C
Tν1Tν4
`1`2

C
Tν2Tν3
`1`2

M̄`1`2(W ν1
T W ν4

T ,W ν2
T W ν3

T ) (66)
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2.2 Covariance of T and E power spectra

Let’s write the TT, TE, EE power spectra at frequency ν1 and ν2 in a form of a vector Ĉν1,ν2
b =

{ĈTν1Tν2b , Ĉ
Tν1Eν2
b , Ĉ

Eν1Tν2
b , Ĉ

Eν1Eν2
b }, the covariance of Ĉν1,ν2

b can be written

Ξν1×ν2,ν3×ν4
bb′ = 〈(Ĉν1,ν2

b −Cν1,ν2
b )(Ĉν3,ν4

b′ −Cν3,ν4
b′ )t〉

= (Mν1ν2)−1
bb1
〈C̃ν1,ν2

b1
(C̃ν3,ν4

b2
)t〉(Mν3ν4)−1,t

b2b′
−Cν1,ν2

b (Cν3,ν4
b′ )t

= (Mν1ν2)−1
bb1
Pb1`1Pb2`2〈C̃

ν1,ν2
`1

(C̃ν3,ν4
`2

)t〉(Mν3ν4)−1,t
b2b′
−Cν1,ν2

b (Cν3,ν4
b′ )t

≈ (Mν1ν2)−1
bb1
Pb1`1Pb2`2〈∆C̃ν1,ν2

`1
(∆C̃ν3,ν4

`2
)t〉(Mν3ν4)−1,t

b2b′
(67)

To go further we will neglect all B-to-E leakage since its contribution is always subdominant. With
this approximation the mode coupling matrix Mν1ν2

bb1
can be written

Mν1ν200
``1

0 0 0

0 Mν1ν202
``1

0 0

0 0 Mν1ν202
``1

0

0 0 0 Mν1ν2++
``1

 (68)

with elements

Mν1ν200
`,`1

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
0 0 0

)2

Mν1ν202
``1

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
2 −2 0

)(
` `1 `3
0 0 0

)

Mν1ν2++
``1

=
2`1 + 1

4π

∑
`3

(2`3 + 1)Wν1ν2
`3

(
` `1 `3
2 −2 0

)2
(1 + (−1)`+`1+`3)

2
. (69)

as derived in the mode coupling matrix documentation. So we are left with computing 〈∆C̃ν1,ν2
`1

(∆C̃ν3,ν4
`2

)t〉
In the mode coupling computation we have shown that

〈T̃ ν1`mT̃
ν2∗
`′m′〉 =

∑
`1m1

Kν1
`m,`1m1

Kν2∗
`′m′,`1m1

〈CTν1Tν2`1
〉

〈T̃ ν1`mẼ
ν2∗
`′m′〉 =

1

2

∑
`1m1

Kν1
`m,`1m1

Kdiag,ν2∗
`′m′,`1m1

〈CTν1Eν2`1
〉

〈Ẽν1`mT̃
ν2∗
`′m′〉 =

1

2

∑
`1m1

Kdiag,ν1
`m,`1m1

Kν2∗
`′m′,`1m1

〈CEν1Tν2`1
〉

〈Ẽν1`mẼ
ν2∗
`′m′〉 =

1

4

∑
`1m1

Kdiag,ν1
`m,`1m1

Kdiag,ν2∗
`′m′,`1m1

〈CEν1Eν2`1
〉 (70)

Where we have neglected the B modes since their contributions to the E modes covariance is always
negligible. The sudo covariance matrix is formed of 10 independent terms, the first term is simply the
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spin0 term derived above

〈∆C̃Tν1Tν2`1
∆C̃

Tν3Tν4
`2

〉 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
T̃ ν3`2m2

〉〈T̃ ν2∗`1m1
T̃ ν4∗`2m2

〉+ 〈T̃ ν1`1m1
T̃ ν4∗`2m2

〉〈T̃ ν2`1m1
T̃ ν3∗`2m2

〉

= f`1`2
∑
m1m2

∑
`3m3

∑
`4m4

Kν1
`1m1,`3m3

Kν3
`2m2,`3m3

Kν2∗
`1m1,`4m4

Kν4∗
`2m2,`4m4

C
Tν1Tν3
`3

C
Tν2Tν4
`4

+ f`1`2
∑
m1m2

∑
`3m3

∑
`4m4

Kν1
`1m1,`3m3

Kν4∗
`2m2,`3m3

Kν2
`1m1,`4m4

Kν3∗
`2m2,`4m4

C
Tν1Tν4
`3

C
Tν2Tν3
`4

≈ f`1`2C
Tν1Tν3
`1`2

C
Tν2Tν4
`1`2

∑
m1m2

Kν1,ν3
`1m1,`2m2

Kν2,ν4
`1m1,`2m2

+ f`1`2C
Tν1Tν4
`1`2

C
Tν2Tν3
`1`2

∑
m1m2

Kν1,ν4
`1m1,`2m2

Kν2,ν3
`1m1,`2m2

= C
Tν1Tν3
`1`2

C
Tν2Tν4
`1`2

M̄`1`2(W ν1,
T W ν3

T ,W ν2
T W ν4

T ))

+ C
Tν1Tν4
`1`2

C
Tν2Tν3
`1`2

M̄`1`2(W ν1
T W ν4

T ,W ν2
T W ν3

T ) (71)

where M̄`1`2 =
M`1`2
2`2+1 and where we have used∑

`3m3

Kν1
`1m1,`3m3

Kν3∗
`2m2,`3m3

=
∑
`3m3

∫
dn̂1Y`3m3(n̂1)W ν1

T (n̂1)Y ∗`1m1
(n̂1)

∫
dn̂2Y

∗
`3m3

(n̂2)W ν3
T (n̂2)Y`2m2(n̂2)

=

∫
dn̂1Y`2m2(n̂1)W ν1

T (n̂1)W ν3
T (n̂1)Y ∗`1m1

(n̂1) = Kν1ν3
`1m1,`2m2

(72)

For the polarisation we will start with the simplest approximation and assume that E can be treated
exactly like T, in that case

〈∆C̃Tν1Eν2`1
∆C̃

Tν3Eν4
`2

〉 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
T̃ ν3`2m2

〉〈Ẽν2∗`1m1
Ẽν4∗`2m2

〉+ 〈T̃ ν1`1m1
Ẽν4∗`2m2

〉〈Ẽν2`1m1
T̃ ν3∗`2m2

〉

= C
Tν1Tν3
`1`2

C
Eν2Eν4
`1`2

M̄`1`2(W ν1,
T W ν3

T ,W ν2
P W ν4

P )

+ C
Tν1Eν4
`1`2

C
Eν2Tν3
`1`2

M̄`1`2(W ν1
T W ν4

P ,W ν2
P W ν3

T ) (73)

〈∆C̃Eν1Tν2`1
∆C̃

Eν3Tν4
`2

〉 = f`1`2
∑
m1m2

〈Ẽν1`1m1
Ẽν3`2m2

〉〈T̃ ν2∗`1m1
T̃ ν4∗`2m2

〉+ 〈Ẽν1`1m1
T̃ ν4∗`2m2

〉〈T̃ ν2`1m1
Ẽν3∗`2m2

〉

= C
Eν1Eν3
`1`2

C
Tν2Tν4
`1`2

M̄`1`2(W ν1,
P W ν3

P ,W ν2
T W ν4

T )

+ C
Eν1Tν4
`1`2

C
Tν2Eν3
`1`2

M̄`1`2(W ν1
P W ν4

T ,W ν2
T W ν3

P ) (74)

〈∆C̃Eν1Eν2`1
∆C̃

Eν3Eν4
`2

〉 = f`1`2
∑
m1m2

〈Ẽν1`1m1
Ẽν3`2m2

〉〈Ẽν2∗`1m1
Ẽν4∗`2m2

〉+ 〈Ẽν1`1m1
Ẽν4∗`2m2

〉〈Ẽν2`1m1
Ẽν3∗`2m2

〉

= C
Eν1Eν3
`1`2

C
Eν2Eν4
`1`2

M̄`1`2(W ν1,
P W ν3

P ,W ν2
P W ν4

P )

+ C
Eν1Eν4
`1`2

C
Eν2Eν3
`1`2

M̄`1`2(W ν1
P W ν4

P ,W ν2
P W ν3

P ) (75)

〈∆C̃Tν1Tν2`1
∆C̃

Tν3Eν4
`2

〉 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
T̃ ν3`2m2

〉〈T̃ ν2∗`1m1
Ẽν4∗`2m2

〉+ 〈T̃ ν1`1m1
Ẽν4∗`2m2

〉〈T̃ ν2`1m1
T̃ ν3∗`2m2

〉

= C
Tν1Tν3
`1`2

C
Tν2Eν4
`1`2

M̄`1`2(W ν1,
T W ν3

T ,W ν2
T W ν4

P )

+ C
Tν1Eν4
`1`2

C
Tν2Tν3
`1`2

M̄`1`2(W ν1
T W ν4

P ,W ν2
T W ν3

T ) (76)

〈∆C̃Tν1Tν2`1
∆C̃

Eν3Tν4
`2

〉 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
Ẽν3`2m2

〉〈T̃ ν2∗`1m1
T̃ ν4∗`2m2

〉+ 〈T̃ ν1`1m1
T̃ ν4∗`2m2

〉〈T̃ ν2`1m1
Ẽν3∗`2m2

〉

= C
Tν1Eν3
`1`2

C
Tν2Tν4
`1`2

M̄`1`2(W ν1,
T W ν3

P ,W ν2
T W ν4

T )

+ C
Tν1Tν4
`1`2

C
Tν2Eν3
`1`2

M̄`1`2(W ν1
T W ν4

T ,W ν2
T W ν3

P ) (77)
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〈∆C̃Tν1Tν2`1
∆C̃

Eν3Eν4
`2

〉 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
Ẽν3`2m2

〉〈T̃ ν2∗`1m1
Ẽν4∗`2m2

〉+ 〈T̃ ν1`1m1
Ẽν4∗`2m2

〉〈T̃ ν2`1m1
Ẽν3∗`2m2

〉

= C
Tν1Eν3
`1`2

C
Tν2Eν4
`1`2

M̄`1`2(W ν1,
T W ν3

P ,W ν2
T W ν4

P )

+ C
Tν1Eν4
`1`2

C
Tν2Eν3
`1`2

M̄`1`2(W ν1
T W ν4

P ,W ν2
T W ν3

P ) (78)

〈∆C̃Tν1Eν2`1
∆C̃

Eν3Tν4
`2

〉 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
Ẽν3`2m2

〉〈Ẽν2∗`1m1
T̃ ν4∗`2m2

〉+ 〈T̃ ν1`1m1
T̃ ν4∗`2m2

〉〈Ẽν2`1m1
Ẽν3∗`2m2

〉

= C
Tν1Eν3
`1`2

C
Eν2Tν4
`1`2

M̄`1`2(W ν1,
T W ν3

P ,W ν2
P W ν4

T )

+ C
Tν1Tν4
`1`2

C
Eν2Eν3
`1`2

M̄`1`2(W ν1
T W ν4

T ,W ν2
P W ν3

P ) (79)

〈∆C̃Tν1Eν2`1
∆C̃

Eν3Eν4
`2

〉 = f`1`2
∑
m1m2

〈T̃ ν1`1m1
Ẽν3`2m2

〉〈Ẽν2∗`1m1
Ẽν4∗`2m2

〉+ 〈T̃ ν1`1m1
Ẽν4∗`2m2

〉〈Ẽν2`1m1
Ẽν3∗`2m2

〉

= C
Tν1Eν3
`1`2

C
Eν2Eν4
`1`2

M̄`1`2(W ν1,
T W ν3

P ,W ν2
P W ν4

P )

+ C
Tν1Eν4
`1`2

C
Eν2Eν3
`1`2

M̄`1`2(W ν1
T W ν4

P ,W ν2
P W ν3

P ) (80)

〈∆C̃Eν1Tν2`1
∆C̃

Eν3Eν4
`2

〉 = f`1`2
∑
m1m2

〈Ẽν1`1m1
Ẽν3`2m2

〉〈T̃ ν2∗`1m1
Ẽν4∗`2m2

〉+ 〈Ẽν1`1m1
Ẽν4∗`2m2

〉〈T̃ ν2`1m1
Ẽν3∗`2m2

〉

= C
Eν1Eν3
`1`2

C
Tν2Eν4
`1`2

M̄`1`2(W ν1,
P W ν3

P ,W ν2
T W ν4

P )

+ C
Eν1Eν4
`1`2

C
Tν2Eν3
`1`2

M̄`1`2(W ν1
P W ν4

P ,W ν2
T W ν3

P ) (81)

2.3 Combinatorics

Let’s denote the data model for the split i of observation at frequency ν in the detector wafer α

Xν,α
i,`m = bν,α` Xν

`m + nν,αi,`m. (82)

Most of CMB experiments only use cross power spectra, since they are not affected by noise biases.
An estimate of the cross power spectrum between two maps can be written:

C̃ν1α×ν2βXY,` =
1

Nα,β

ns∑
ij

1

bν1,α` bν2,β`

1

2`+ 1

∑
m

Xν1,α
i,`mY

∗,ν2,β
j,`m (1− δijδαβ). (83)

Here we assume that there can be correlated noise between different frequency bands, but that the
different wafer have uncorrelated noise. Ns is the number of splits of data andNα,β =

∑
ij(1−δijδαβ) =

ns(ns − δαβ) is the number of cross spectra we can compute with ns splits of data.
The general term of the covariance matrix between two cross spectra can be written:

Ξν1α×ν2β,ν3γ×ν4η`,RSXY = 〈(C̃ν1α×ν2βRS,` − Cν1×ν2RS,` )(C̃ν3γ×ν4ηXY,` − Cν3×ν4XY,` )〉

= 〈C̃ν1α×ν2βRS,` C̃ν3γ×ν4ηXY,` 〉 − Cν1×ν2RS,` Cν3×ν4XY,` (84)

Using the expression for the cross spectrum estimator

〈C̃ν1α×jν2βRS,` C̃ν3γ×ν4ηXY,` 〉 =
1

Nα,βNγ,η

∑
ijkl

1

bν1,α` bν2,β` bν3,γ` bν4,η`

1

(2`+ 1)2∑
mm′

〈Rν1,αi,`mS
∗,ν2,β
j,`m Xν3,γ

k,`m′Y
∗,ν4,η
l,`m′ 〉(1− δijδαβ)(1− δklδγη) (85)
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Using Wick theorem can expand the four point into a sum of product of two point functions:

〈Rν1,αi,`mS
∗,ν2,β
j,`m Xν3,γ

k,`m′Y
∗,ν4,η
l,`m′ 〉 = 〈Rν1,αi,`mS

∗,ν2,β
j,`m 〉〈X

ν3,γ
k,`m′Y

∗,ν4,η
l,`m′ 〉

+ 〈Rν1,αi,`mX
ν3,γ
k,`m′〉〈S

∗,ν2,β
j,`m Y ∗,ν4,ηl,`m′ 〉

+ 〈Rν1,αi,`mY
∗,ν4,η
l,`m′ 〉〈X

ν3,γ
k,`m′S

∗,ν2,β
j,`m 〉

= (bν1,α` bν2,β` Cν1α×ν2βRS,` + δijδαβN
ν1α×ν2β
RS,` )(bν3,γ` bν4,η` Cν3γ×ν4ηXY,` + δklδγηN

ν3γ×ν4η
XY,` )

+ δmm′(b
ν1,α
` bν3,γ` Cν1α×ν3γRX,` + δikδαγN

ν1α×ν3γ
RX,` )(bν2,β` bν4,η` Cν2β×ν4ηSY,` + δjlδβηN

ν2β×ν4η
SY,` )

+ δmm′(b
ν1,α
` bν4,η` Cν1α×ν4ηRY,` + δilδαηN

ν1α×ν4η
RY,` )(bν2,β` bν3,γ` Cν2β×ν3γSX,` + δjkδβγN

ν2β×ν3γ
SX,` )

(86)

The first term of Eq. 86 is equal to the second term of Eq. 84 and will vanish, we are left with two
terms. To get the other two terms we need to compute sums of the form∑

ijkl

(1− δijδαβ)(1− δklδγη) = n2
s(ns − δαβ)(ns − δγη)∑

ijkl

δikδαγ(1− δijδαβ)(1− δklδγη) = (δikδαγ − δikδαγδijδαβ − δikδαγδklδγη + δikδαγδijδαβδklδγη)

= n3
sδαγ − n2

s(δαβγ + δαγη) + nsδαβγη∑
ijkl

δikδαγδjlδβη(1− δijδαβ)(1− δklδγη) =
∑
ijkl

δikδαγδjlδβη − δikδαγδjlδβηδijδαβ

− δikδαγδjlδβηδklδγη + δikδαγδjlδβηδijδαβδklδγη

= n2
sδαγδβη − nsδαβγη (87)

The general term of the covariance matrix can then be written

Ξν1α×ν2β,ν3γ×ν4η`,RSXY =
1

2`+ 1

(
Cν1α×ν3γRX,` Cν2β×ν4ηSY,` + Cν1α×ν4ηRY,` Cν2β×ν3γSX,`

)
+

1

2`+ 1

(
Cν1α×ν3γRX,` Ñν2β×ν4η

SY,` fαγβη + Cν2β×ν4ηSY,` Ñν1α×ν3γ
RX,` fβηαγ

)
+

1

2`+ 1

(
Cν1α×ν4ηRY,` Ñν2β×ν3γ

SX,` fαηβγ + Cν2β×ν3γSX,` Ñν1α×ν4η
RY,` fβγαη .

)
+

1

2`+ 1

(
gαγ,βηÑ

ν1α×ν3γ
RX,` Ñν2β×ν4η

SY,` + gαη,βγÑ
ν1α×ν4η
RY,` Ñν2β×ν3γ

SX,`

)
=

1

2`+ 1

(
χν1α×ν3γ,ν2β×ν4ηRX,SY + χν1α×ν4η,ν2β×ν3γRY,SX

)
(88)

with

gαγ,βη =
n2
sδαγδβη − nsδαβγη

n2
s(ns − δαβ)(ns − δγη)

fβηαγ =
n3
sδαγ − n2

s(δαβγ + δαγη) + nsδαβγη
n2
s(ns − δαβ)(ns − δγη)

χν1α×ν3γ,ν2β×ν4ηRX,SY = Cν1α×ν3γRX,` Cν2β×ν4ηSY,` + Cν1α×ν3γRX,` Ñν2β×ν4η
SY,` fαγβη + Cν2β×ν4ηSY,` Ñν1α×ν3γ

RX,` fβηαγ

+ gαγ,βηÑ
ν1α×ν3γ
RX,` Ñν2β×ν4η

SY,`

(89)

And Ñν2β×ν4η
SY,` is the effective noise spectrum Ñν2β×ν4η

SY,` =
N
ν2β×ν4η
SY,`

b
ν2,β
` b

ν3,η
`

Including the effect of incomplete sky coverage, the different covariance elements are given by

〈∆C̃Tν1αTν2β`1
∆C̃

Tν3γTν4η
`2

〉 = χν1α×ν3γ,ν2β×ν4ηTT,TT,`1`2
M`1`2(W ν1,

T W ν3
T ,W ν2

T W ν4
T )

+ χν1α×ν4β,ν2β×ν3γTT,TT,`1`2
M`1`2(W ν1

T W ν4
T ,W ν2

T W ν3
T ) (90)
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〈∆C̃Tν1Eν2`1
∆C̃

Tν3Eν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηTT,EE,`1`2
M̄`1`2(W ν1,

T W ν3
T ,W ν2

P W ν4
P )

+ χν1α×ν4β,ν2β×ν3γTE,ET,`1`2
M̄`1`2(W ν1

T W ν4
P ,W ν2

P W ν3
T ) (91)

〈∆C̃Eν1Tν2`1
∆C̃

Eν3Tν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηEE,TT,`1`2
M̄`1`2(W ν1,

P W ν3
P ,W ν2

T W ν4
T )

+ χν1α×ν4β,ν2β×ν3γET,TE,`1`2
M̄`1`2(W ν1

P W ν4
T ,W ν2

T W ν3
P ) (92)

〈∆C̃Eν1Eν2`1
∆C̃

Eν3Eν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηEE,EE,`1`2
M̄`1`2(W ν1,

P W ν3
P ,W ν2

P W ν4
P )

+ χν1α×ν4β,ν2β×ν3γEE,EE,`1`2
M̄`1`2(W ν1

P W ν4
P ,W ν2

P W ν3
P ) (93)

〈∆C̃Tν1Tν2`1
∆C̃

Tν3Eν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηTT,TE,`1`2
M̄`1`2(W ν1,

T W ν3
T ,W ν2

T W ν4
P )

+ χν1α×ν4β,ν2β×ν3γTE,TT,`1`2
M̄`1`2(W ν1

T W ν4
P ,W ν2

T W ν3
T ) (94)

〈∆C̃Tν1Tν2`1
∆C̃

Eν3Tν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηTE,TT,`1`2
M̄`1`2(W ν1,

T W ν3
P ,W ν2

T W ν4
T )

+ χν1α×ν4β,ν2β×ν3γT,TE,`1`2
M̄`1`2(W ν1

T W ν4
T ,W ν2

T W ν3
P ) (95)

〈∆C̃Tν1Tν2`1
∆C̃

Eν3Eν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηTE,TE,`1`2
M̄`1`2(W ν1,

T W ν3
P ,W ν2

T W ν4
P )

+ χν1α×ν4β,ν2β×ν3γTE,TE,`1`2
M̄`1`2(W ν1

T W ν4
P ,W ν2

T W ν3
P ) (96)

〈∆C̃Tν1Eν2`1
∆C̃

Eν3Tν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηTE,ET,`1`2
M̄`1`2(W ν1,

T W ν3
P ,W ν2

P W ν4
T )

+ χν1α×ν4β,ν2β×ν3γTT,EE,`1`2
M̄`1`2(W ν1

T W ν4
T ,W ν2

P W ν3
P ) (97)

〈∆C̃Tν1Eν2`1
∆C̃

Eν3Eν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηTE,EE,`1`2
M̄`1`2(W ν1,

T W ν3
P ,W ν2

P W ν4
P )

+ χν1α×ν4β,ν2β×ν3γTE,EE,`1`2
M̄`1`2(W ν1

T W ν4
P ,W ν2

P W ν3
P ) (98)

〈∆C̃Eν1Tν2`1
∆C̃

Eν3Eν4
`2

〉 = χν1α×ν3γ,ν2β×ν4ηEE,TE,`1`2
M̄`1`2(W ν1,

P W ν3
P ,W ν2

T W ν4
P )

+ χν1α×ν4β,ν2β×ν3γEE,TE,`1`2
M̄`1`2(W ν1

P W ν4
P ,W ν2

T W ν3
P ) (99)
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