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1 Mode coupling matrix computation

The goal of this section is to provide a very detailed computation of the effect of window functions
on CMB power spectra estimation. We describe the algorithm implemented in pspy to compute the
mode coupling matrices and deconvolve them. There is a lot of literature on the subject, without
trying to be exhaustive we have used in particular Hivon et al, |Couchot et al and Brown et al. We
also recommend the Namaster scientific documentation.

1.1 Mode coupling for spin 0x0 power spectra on the sphere

Let us consider with the decomposition of a spin 0 field (e.g the CMB temperature map) in spherical
harmonics. In practice, pspy use the sharp module included in pizell). Let’s denote by v the frequency
of observation.

TG) = 3 ahYon(#) 1)
Im
ofy = [ AT @)Y @) 2)

Due to foreground contamination or simply incomplete sky observation, a realistic temperature map
is given by the product of the temperature map with a window function. The harmonic transform of
this product is given by
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As can seen from this equation, the effect of incomplete observation (encoded into the window function)
is to couple otherwise independent modes ag,,. The coupling is represented by the coupling kernel

0 i lama” The expectation value of our estimator for the power spectra of the temperature maps
T" (n) and T"2(n) is given by
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To go further we need to develop the expression for the coupling kernel
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The integral can be express in term of Wigner 3j symbol
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The next move is to expand our formula for the expectation value of our power spectrum estimator
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That looks horrible but one nice thing about Wigner 3j symbol is the following property
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where §(¢1, l2,¢3) = 1 when the triangular relation || —£s|| < ¢35 < €1—F5 is satisfied, and §(¢1, l2, l3) =
0 otherwise. This allows to drastically simplify the expression
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At the end, the expression of the mode coupling is simply
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with WZ;W the cross power spectrum of the window function of the map at frequency v; and vo. In
pspy, the mode coupling is computed using the fortran routine calc_mcem_spin0 in mem_fortran.f90.
1.2 Mode coupling for spin 2 x 2 power spectra on the sphere

Let us now consider the polarisation case, the polarisation field 1o P”(n) = (Q¥ £ iU")(n) is a spin 2
field on the sphere. It can be decomposed into E and B modes
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We can see that the effect of applying a window function on the CMB polarisation field is not only to
couple different multipoles but also to couple E and B modes
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The expectation value of our estimator for the power spectrum of E modes is given by
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Note that we dropped the imaginary terms in this expression, they are zero due to the symmetry
properties of the Wigner 3j symbols. Similarly the estimator for the B modes power spectrum
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For the cross power spectrum between E and B modes we get
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So we have to expand and simplify terms like
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Using the definition of the Wigner 3j symbol and its expression in term of integral of spherical har-
monics
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Another properties of Wigner 3j is
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With this we can expand the coupling term and simplify them
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These two matrices can be used to relate the observed power spectra to the true underlying power
spectra
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Along with spin 0x0 and spin 0x2 mode coupling matrices, In pspy, this expression is computed
using the fortran routine calc_mcem_spinOand2 in mem_fortran.f90.

1.3 Mode coupling for spin 0x2 power spectra on the sphere
The expectation value of our estimator for the TE power spectrum is given by
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Note that we dropped the imaginary term, this is because term of the form K, , K, ',/ are zero
by symmetry, indeed they involve product such as
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1.4 Summary

The effect of the window function on the CMB power spectra can therefore be written in term of a
mode coupling matrix, also coupling E and B modes together
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Which can be re-written CXnYv2 = M Xoy Yoy Wor Zory CWriZvs When the window is defined such as all
angular scale can be represented (one important condition is that there are at least two (non zero)
pixels of the window point separated by 180 degree), the matrix is invertible and we can recover
unbiased power spectrum by computing CXnYr2 = (M~1) Xoy Yoo Wiy Zuy CWnZvy In pspy this is an
option in the bin_spectra in the so_spectra module.

1.5 Binning

If not all angular scales can be represented, for example due to the smallness of the window function,
we can still deconvolve the effect of the mask but it requires first binning the mode coupling matrix
element.
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There are two options for the Py matrix in pspy, you can either bin Cy
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for CMB power spectra that are pretty red, binning D, is recommended. Similarly we have two
different Qg matrices
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1.6 Deconvolving beam and transfer function

In pspy the mode coupling deconvolution also serves for deconvolving beam and transfer function. The
following modification of the mode coupling matrix is done
Mel/e11y2 = Mé’éllWFé’ll Fg”f BZl BZQ (45)

Where BZ; is the beam harmonic transform at frequency v and F; ZV11 is the map transfer function.

2 Covariance

The goal of this section is to provide a very detailed computation of the covariance matrices of
CMB power spectra. We describe the algorithm implemented in pspy to compute them. See also:
https://arxiv.org/pdf/1609.09730.pdf

2.1 Covariance of a spin 0 x spin 0 power spectrum on the sphere

Let’s start with a simple data model, the observed temperature field at frequency v, is related to the
true temperature field by
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Here W/ is the window function, B¥*(n) is the beam of the instrument and n* (72) is the instrumental
noise. In harmonic space, this expression becomes
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With the coupling kernel
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An estimate of the power spectrum can be written
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Where M, 211”200 is the standard master mode coupling matrix for spin 0 x spin 0 spectra.
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An unbiased estimator for the spectra can be formed using
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The variance of the binned unbiased estimator is then given by
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We are left with computing:
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Where we have used the Wick theorem to expand the four point function
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We are basically stuck here and have to rely on harsh approximation to go further. We will remove
the power spectra from the sum and replace their product by a symmetric version
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The covariance matrix can finally be written
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2.2 Covariance of T and E power spectra

Let’s write the TT, TE, EE power spectra at frequency v; and vy in a form of a vector C"’l’”2 =
{C T Tw",CTV1 e CE'“T”2 C'E”1 EU?} the covariance of C”l’”2 can be written
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To go further we will neglect all B-to-E leakage since its contribution is always subdominant. With
this approximation the mode coupling matrix Mg;}ll’2 can be written
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as derived in the mode coupling matrix documentation. So we are left with computing (AC’Z;"’Q (AC~’;2 )
In the mode coupling computation we have shown that
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Where we have neglected the B modes since their contributions to the E modes covariance is always
negligible. The sudo covariance matrix is formed of 10 independent terms, the first term is simply the
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For the polarisation we will start with the simplest approximation and assume that E can be treated
exactly like T, in that case
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mimsa
T, T, Tu, E — v
v1-v3 v vy 1 v3 v2 V4
02162 06182 M£1£2(WT WT ’WT WP )

Ty By Too Ty
Colp Oy 7 Moy o, (W W, W2 W) (76)

2 R ok gk R Vo paU3k
lee? Z <Tf1m1E€2m2><Tﬁ1m1 €2m2> + <TK1m1 €2m2><T£1m1E€2m2>
mims
TV1 EV3 TV2TV4 v v, v3 123 V4
Coty "Cuty Moo, Wp"Wp?, W2 W)

T, T, TvoEva =
vytvy vo vy V1 V4 v v3
Cflfg {142 MZlZE (WT T 7WT WP ) (77)
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“Ty Toy « ~Eus E ~ =y 7 S = o
vidvy vgfvgy V1 v3 Vok vk V1 vk V2 U3 %
<AC’51 AC@z > - f41£2 Z <T51m1Ef2m2><T51m1E52m2> + <T€1m1E@2m2><T€1m1E£2m2>
mims
T,  FE T, FE — v
_ vy vz ~dvg By 1,717V3 V2 TN VA
= Cfﬂz C£1£2 Mgng(WT WP ,WT WP )

Ty By Ty By —
+ Gyl O T My, (W W, WP WE?) (78)

“To, Euy x 5Eu,Th Z ~ ~ ~ ~ ~ ~ ~ ~
v1Hve v3-vy — V1 v3 vk V4 * V1 V4* V2 V3%
<ACfl ACZQ > - fele? <T€1m1E€2m2><E€1m1Tlgm2> + <Télm1 T52m2><E£1m1 EZ2m2>
mimo
T, FE EuoTu,
— v1+=v3 vatry Vi, v3 v2 V4
= PR My (W W W)

Ty Tyy v By —
+ Ch O My, (W W W WE?) (79)

~T,, E ~FE,.E ~ ~ ~ ~ ~ ~ ~ ~
vy Py vg Ly _ 2 : 121 V3 Vo * vy * V1 vy * V2 V3 *
<AC[1 AC£2 > - f[lfg <T€1m1 E52m2><E€1m1 E€2m2> + <Tflm1E£2m2><Ef1m1 E€2m2>
mimo
T,, E E, E —
— vy v vy Vi, v3 v2 V4
= C€1£2 C’Zlg2 Moo, WP W WEWEE)
T,, E E, E —
vy vy vo Livg 14 120 v2 v3
+ Cpp, O My, (W Wt WEEWE?) (80)

~Ey, Tuy x ABu, E ~ ~ ~ ~ ~ ~ ~ ~
vy Ly vgfvyg vy v3 Vok  Tavgk V1 vk v U3k
<AC€1 AC& > - féle? Z <Ef1m1E€2m2><T€1m1E€2m2> + <Eflm1E€2m2><TZ1m1E€2m2>
mimso
E,. E T,,FE —
_ vy Pvg ~Lvg By Vi,117V3 Vo117 V4
= Cﬂﬂg C’ele2 My, o, (WS W 5, WEWEY)
E,, E T,,FE —
vy By ~Avg Lvg 287 12! V2 TA7V3
+ OB O Ny, (W W, W W) (81)

2.3 Combinatorics

Let’s denote the data model for the split i of observation at frequency v in the detector wafer «

D SN D G (82)

i,m ifm”

Most of CMB experiments only use cross power spectra, since they are not affected by noise biases.
An estimate of the cross power spectrum between two maps can be written:

. 1 - 1 1
Cu1a><l/25 _ xVLay B 5::0.2). 83
XYl Naﬂ ; bzl’ab?’ﬁ 2+ 1 ; ifm = jm ( ] 04/3) ( )

Here we assume that there can be correlated noise between different frequency bands, but that the
different wafer have uncorrelated noise. Ny is the number of splits of data and N, g = Zij (1—-0;008) =
ns(ns — 0qp) is the number of cross spectra we can compute with ng splits of data.

The general term of the covariance matrix between two cross spectra can be written:

:Vlaxugﬁ,u3"/><l/47] _ ~vraxXva S _ V1 XVg AV3Y X4 V3 XU4
—L,RSXY - <<CRS,Z CRS,e )(ny,e CXY,Z )>
_ v axXvafB Vs Xvan . V1 XV W3 XU4
- <CRS,€ CXY,E > CRS,@ CXY,Z (84)

Using the expression for the cross spectrum estimator

- . ~ 1 1 1
B AvsyXvany _
<CV1aX]V2 C > —
RS/t XY/ ./\[04”3/\[%77 % bzl,abzg,ﬁbzsmbl;m (25 + 1)2
D (RSP X Y™ (1= 0i500) (1 = Ogi) (85)
mm/
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Using Wick theorem can expand the four point into a sum of product of two point functions:

v1,a ok,v2,8 V3, *,V4,M — Vi, *VQ’B
<R S Xk[m’YEZm’> - <Rz£m 7,fm

1,0m*™ j fm

X 1:3231/ Y}’}Zj’”)

R X S Y ™)

+ R X ST’

= (VP ORs " + 5ij5aﬂNEfsanV25 YO b O+ Oidy Ny )

+ S (bzhabzsﬁcgl;(l’?%v+51,]650(7]\];1)??'/37)(bVQ,ﬁszLmCmﬁXVM_'_5jl55nNg§/ﬁ€><V4n)

Sy (0B OB Suban N ) (077 b O 17 + Sadan N )
(86)

The first term of Eq. [86] is equal to the second term of Eq. 84 and will vanish, we are left with two
terms. To get the other two terms we need to compute sums of the form

D (1= 61j0ap)(1 = 6idyy) = 0 (ns — Gag)(ns — Oy)
ijkl
> Gikbar(1 = 6ijbap) (1 — Suidyy) = (Gindan — Ginbardijdas — OikOarOkidyy + OikOar0ijOasdridym)
ijkl
= 130ay = 13(0apy + Sayn) + NsBasym
> Gikbar10n(1 = 8ijap)(1 = S1a6,) > Sikbar 0188y — Sikbary8j105n01i0ap
ijkl ijkl
5ik5a75jl5,8775kl5777 + 5ik5a75jl5,8n5ij5a65kl5'yn
= ”g‘sa'y‘sﬁn = Ns0apyn (87)
The general term of the covariance matrix can then be written
=V1aXva,v3yXuan 1 CVICYXVS’YCV2BXV4"7 CV1a><V4170V2B><V3’Y
=0,RSXY Y] + 1 \MRx¢ sye T CRryy SX,0
Vg (CnErREE I gy oggrm e )
]‘ l/ |12 1% 1% 1% 1% 1% 12
t oot ( Crys "N, Sy + CE NG )
1
o (RN g S
= 2£1+ . ( LRy anl X”‘”) (88)
with
oy = 200y Iy — Msdagyy
ary, =
e n3(ns — dag)(ns — yn)
By _ N300y — 13 (0asy + dayn) + Nsdasyn
7 n3(ns = dap)(ns — yy)
Eﬁg/yzmwﬂxwm _ C]V%I)??VS’YCVQ/BXV477 +C’V1QX”37N§Z§}B;”4”f J‘F gzyﬁexmeulawif
b G VNG
(89)
And N2574 is the effective noi trum N2avan _ N
n SY 1S € elfective noise spectrum SYt = W

Including the effect of incomplete sky coverage, the different covariance elements are given by

Tul OtTl/

<AC 2ﬂAC~vZ;V3vTV4n>

viaxvaf,vaBxvsy
XTT,TT 0105 My

12

V1aXv3y,veBXvan Vi, 117V3 V2117 V4
XTT,TT 0105 My, o, (Wit W2, W2 W)

V1R VA PR VAL
l102 (WT W, 7WT T )



(AC P2 Ay

Ey,

(AC, T2 A,y

<ACEV1 El/2 ACEVS EV4 >

(AC 2 AC, )

<ACTL/1 TV2 ACEVS Tu4 >

Tul Tu2 ACEU3 Eu4 >

(AC,
(AT e A G Ty

<ACTV1 EV2 ACEV5 EV4 >

<ACE1/1 Tz/g ACEVS EV4 >

VIQXV377V2,B><V47] | ] Vi, V3 1] 12
XTT,EE 165 My, o, (W W2, W W)

1/1a><1/4ﬁ,u2ﬁ><1/3’y

XTE,ET (165 o (WAW R W W)

V1 QX V37, V23X 104n 37 V1,1x7V3 12 vy
XEE,TT 0105 My, 0, (Wp" W, W2 Wrt)

vioexvy B, vaBXvsy V17 V4 V2 117V3
XET,TE 0105 Moo, (WH W, WRWE)

V10£><l/3’y,l/2ﬁ><1/4?7 | ] Vi, V3 1) V4
XEE,EE (1t My, g, (Wt W5, W W)

viaxXvyB,vaBXvsy

s  / 141 V4 120} V3
XEE,EE (162 Moo, (W Wt W2 W5?)

viaX 3y, ve B Xvan i Vi, 117V3 Va1 V4
XTTTE (102 Moy, Wy WP, W2 Wpt)

viaxvafB,vaBXv3y 3 V1TV Vo173
XTE,TT (16 Mo, g, (WHEW R, WRWE)

V104><l/3’y,l/2ﬁ><1/477 | ] Vi, V3 1) V4
XTE,TT 06 My, g, (Wb W52, W2 Wet)

viaxvaB,veBxvsy 3 141 V4 12 V3
XTTE 105 Mfﬂz(WT WT aWT Wp )

V1 QX V37, V28X Uan 37 V1,1x7V3 12 vy
XTE,TE 105 Moo, W We*, W2 W)

viaxXvaB,vaBXvsy 207 142! V2117 V3
XTETE,0 t My, (W WE, W2 W)

viaxXvgy,veBXvan p V1,117V
XTE,ET 016, Mo, o, (Wp WP, W W)

viaxvyf,veBXr3y 17 1z V4 Vo 1r7V3
XTT,EE (16 Moo, (W Wt , W2 WE?)

V1aXV3Y,v2BXVan 3 V1,157V3
XTE,EE 6o My, g, (WP W, WRW )

viaxvaB,vaBxvsy v V117 V4
XTE,EE 010 Mo, g, (WEW R WRW )

V1a><1/3'y,z/25><y4n v v, V3 1%) 12
XEE,TE, (.0 My, g, (Wt W52, W2 Wgt)

viaxvaB,vaBxXray

s \ /] V1 V4 1) v3
XEE,TE 0165 Moo, (Wp Wi, W2 Wp?)
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