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Chapter 1

Single-particle tracking

XTrack is a 6D single particle symplectic tracking code used to compute the trajec-
tories of individual relativistic charged particles in circular accelerators. It has been
developed based on SixTrack.

The physical models are collected from the main references [1, 2, 3, 4, 5, 6, 7], which
contain more details of the derivation of the maps.

1.1 Notation and reference frame

The speed, momentum, energy, rest mass, charge of a particle are indicated by v, P,
E, m and g, respectively. These quantities are related by the following equations:

v = fc E? — P2c? = m?ct E = ymc? Pc = BE (1.1)

where B and 1 are the relativistic factors.
In a curvilinear reference frame defined by a constant curvature h, in the X, Z plane
and parameterized by s, the position of the particle at a time f can be written as:

Q(t) =x(s) +xx(s) +yi(s), (1.2)

and therefore identified by the coordinates s, x, y, t in the reference frame defined by
%(s) and 7(s). In particle tracking, s is normally used as independent parameter and
t as a coordinate.

The electromagnetic fields E and B can be derived in a curvilinear reference frame
from the potentials V(x,y,s,t) and A(x,y,s,t), where

A(x,y,5,t) = Ax(x,y,s,t)%(s) + Ay(x,y,5,1)7(s) + As(x,y,s,1)2(s) (1.3)

and for which:

A . . 1 5
- - aSAy A asAx - ax(l + I’lX)AS ~
B—VXA—(ayAS—1+hx>x ( —— )y (1.5)
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In this reference frame the canonical momenta are:
Py = myx +qAy, Py=myy+qA,, Ps=mys(1+ hx)? 4 q(1 4+ hx)As.  (1.7)
and the energy of a particle and the field is

P; —gAs(1 + hx))?
E=q¢+c\/(mc)2+( (ql +(th2 %) + (Py— qA)?* + (P —gAy)2%  (1.8)

1.2 Hamiltonian and particle coordinates

If s(t) is monotonically increasing, it is possible to derive the equations of motion
using s as the independent parameter, (—f,E) as conjugate coordinates and —P; as
Hamiltonian.

Ps = (1 + hx) (\/(E_C—W — (mc)? — (Py — qAx)? — (Py — qAy)* + qu> (1.9)

Since in accelerators the orbits of the particles are often a perturbation of the refer-
ence trajectory followed by a particle with rest mass my, charge o, speed Boc and
momentum Py, one could use the following derived quantities that usually assume
small values:

_ mp P(x,y) _ 4™
Poy) =" 5 X=0om

@A(x,y,s) (1.10)

a(x,y,s) =
Note that here m is used to indicate the rest mass of particles of species different
from the reference particle (which has mass () and not the relativistic mass. Further

rescaling the energy and charge density as
mo E(x,y,5) _ Ao
w B ploys) =5 9xys), (1.11)

and as all canonical momenta scale with the same factor, we can define a new Hamil-
tonian H that still satisfies the same equations of motion:

e(x,y,s) =

~ mo 1
H(x/y/ _tl Px/ Py/e) - ZOFOH(x;y;_t/Px/ Pyl E)

070

~ e 2 1
H = —(1+hx) (\/(E -xe) - g (P = xax)* = (py — xay)? +xas> (1.12)

1.2.1 Longitudinal coordinates

Different sets of longitudinal coordinates can be used:

P | — ! = ; PO (1.13)
= S% IBC T = % C g =S ﬁOC = T .
p™ _p, 1E™ —E 1E™ _F
_ Py ~Fo _ 1.14
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where variables in the same columns are canonically conjugate.

The different longitudinal variables can be easily related to each other:

_ B, _B
6_5/50 E_ﬁr_ﬁog

pr = Bopg

_ ] Pt 4 1 B—Bo
b= p%+2[30+1 1=Bpr+ B

\/IBOP§+2PC+1 —1=Ppop; + ﬁ;oﬁo
v = v0(1+ Bopr)

1—Po
1 - PO
‘B \/ 1+,30PT

(1.15)
(1.16)

(1.17)

(1.18)
(1.19)

(1.20)

For small energy deviations (0 < 1, pr < 1, p; < 1), we can neglect the terms of

order 62, p2, p% and higher, hence the following approximations hold:

~ Pr
o~ By
5~ pg
B~ Bo+ (1-Bj)p:

1.2.2 Hamiltonian with different coordinate choices

The conjugate pairs can be generated by the following generating functions

S 1+6
Fz—xpx+ypy (50—0

)i
oo (o) ()
)

Fy = xpx +ypy + < (ﬁopg + )

The Hamiltonians are then:

F
1F2(_t/ pnewzs)/ e = %/ Jnew = 3Pnew Hpew = H‘|‘ 9 2

(1.21)

(1.22)
(1.23)

(1.24)
(1.25)

(1.26)
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_1+(5_ 1—_’_5_ Z_L_ B , - ,
fo = ggy — U1 (\/< B (P> gigz ~ (Px X" (py — xay) +xas)

2
He=P% — (14 hx) (\/(Pr+ e —m) - ﬁ = (px = xax)* = (py Xﬂy)2+xas)

Po 00

1 2
Hy =p; — (1+ hx) (\/(,BOPZ; + % - XQO) - 2—72 — (px — xax)? — (py — )(ay)z +)(as>
070

Note that things get complicated when using the pair (&, ), as then the Hamiltonian
contains terms in B, which in turn depends on the energy. In particular:

B _ 1-p
%‘ﬁw(s (127)

For this reason we prefer using H: when deriving the equations of motion. Note that
when ¢ = 0, the Hamiltonian simplifies into:

He =B~ (14 hx) (\/(1 +0)% = (px — xa2)2 — (py — xay)? +Xas> (1.28)

The following identities are useful to derive the equations of motion:

apr  1+o P (1.29)
i 146 _ﬁ
3 ( BBo ) ~ Bo (1.30)

1.3 Symplectic integrators

Magnets are modeled using symplectic integrators, splitting the Hamiltonian in a
‘propagation” part and a ‘kick” part. Hamiltonians for the maps implemented in
Xsuite are reported in Table 1.1.

Different magnet models are available in Xsuite, which correspond to different split-
tings of the Hamiltonian. The available models are reported in Table 1.2 and the
available integration schemes are reported in Table 1.3.
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Map Parameters Description

D 1 Drift exact

De 1 Drift expanded

R h,1 Curved drift

Br ko, 1 Rectangular bend

B kO,L h Exact Bend

Kh h,1 Thin curvature kick
KOh k0,1 Weak focusing

KO kO,1 Dipole kick

K1 ki,1 Quadrupole kick
Kih ki1,h,l1 Quad correction
Kn kn, ks, 1 Multipole

M kO,k1,1,h  2nd order Hamiltonian
S ksol, 1 Solenoid

Hp =k — /(146> — p — p}
2+2
H _& Px py

De = By = 2(1+6)
Hy = b — (14 1) ()
Hpg, = % - \F —bix
s ha?
Hp = %— (14 hx) <\ﬁ_k0 (’“m))
Hy, = —hx
Hyon = kohx;
HKO = kox
xzf 2
Hin =k 2y
x37 2
Hyip = klh#

HKn _ —§R (21]/:]:00{” + lj%n) (X+iy)n+1)

=0 (n+1)!
1 Pxtpy kohx? xzfyz

Hin = 5t + 37175 + (ko — h)x + 255 + k1 7

Hszzg—\/(1+5)2—(Px—%y)2—(py+’;s)

2

Table 1.1: Hamiltonians of the implemented maps. Here we have called /=0 =

V(102 —p2 —p.

Model

Propagation part Kick part

)

rot-kick-rot
bend-kick-bend

[R]

[
matrix-kick-matrix M]

[

[

B

[

drift-kick-drift-exact D]
drift-kick-drift-expanded [De]

[KO KOh K1 K1h Kn]
[K1 K1h Kn Knh]

[K1h Kn]

[Kh KO KOh K1 K1h Kn]
[Kh KO KOh K1 K1h Kn]

Table 1.2: Available magnet models.
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Integrator Description

uniform  Kicks uniformly distributed along the length of the element
teapot TEAPOT integration scheme [8, 9]

yoshida4  Fourth order Yoshida integrator [10]

Table 1.3: Available integration schemes.
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1.4 Cavity time, energy errors and acceleration

A cavity kick depends on:
sin(2fT + ¢) (1.31)
where T is laboratory time.
For the most general case:
sin(27fT + ¢) = sin <27rfsﬁ;c + 4)) (1.32)
0

Most codes drop the term 27fs/ (Boc) that is

sin(27f T + ¢) — sin (—27r f% + 4>) (1.33)

to make sure that a particle that is syncrhonous to the reference trajectory is in phase
with the cavity.

1.4.1 Implementing energy errors

One can define

s=so+n(Ly—L)+nL
frev = Boc/L (1.34)
f - hfrev

where sg is the path length at the cavity turn at 0, Ly is the design circumference, n is
the turn number, & is the harmonic number, L is the new path length with an energy
error. Indeed one could write L = Ly(1 + #J;) where 7 is a constant property of the
lattice.

Multiple cavities can have their own defined L.

Using these definitions, then

sin(27fT + ¢) =sin (2nh Froy 2E ”(I:; - D=¢C, 4;) (1.35)
0
=sin (Znh freV”(LO [; i) —6 4>’> (1.36)
0

where ¢/ = % + ¢.

In MAD-X twiss and MADS, indeed the longitudinal coordinates is directly ' =
n(Lo — L) — ¢ and the term n(Lg — L) is added smoothly in each thick element. This
forces all the cavities to share the same L or frey.

In SixTrack or MAD-X track, one could simply define a turn dependent phase

¢ = ¢o + 27th freyn (Lo — L) (1.37)
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which is very general or in alternative add a special element that perform at each turn
the following transformation:

Cnew = (LO - L) - Cold (1-38)

1.4.2 Acceleration

Accelaration can be achieved by renormalized the relative variables using a new mo-
mentum reference. This has the side effect that the fields of the magnets (expressed
in normalized strength) follow the energy ramp and that the cavity frequency (if ex-
pressed in terms of the harmonic number (NB we should perhaps change this in the
Xtrack interface) is updated.

The re-normalization if done once at each turn is:

Po,old Poold
Pxnew = Pxoldp Pynew = Pyold (1.39)
pO,new Y ‘ P 0new
POold Prold POoldC+EOold - EOnew
Snewe = (0oia + 1) 2 1 penen = Lrd oo Fo
0,new 0,newC

(1.40)

1 1 1 1
=S5 — — T =5 — — T 1.41
gnew ‘BO ( ,BO,new ﬁO,old ) gOId new (ﬁO,new ,Bo,old > old ( )
(1.42)

1.5 Beam element maps

1.5.1 Drift

A drift is a straight, field-free region (h(x,y) = 0, V = 0 and A = 0). The exact and
expanded Hamiltonian for a drift space are

Pt pr 1 pgc + pi
=t _ 2_p2 _p2 B2 —— .
He= g JA+02—p2 =3 R (1.43)
The map is given by solving the equations of motion:
dpi oH dql oH
T — = — 1.44
ds 9q; ds dp; (144)

As there is no explicit dependency on the position coordinates in the Hamiltonian,
the momenta remain unchanged in a drift.
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For the position coordinates, we get:

! Px Px
() = Pz 1+90

! & ~ Py
(]/) Pz 146

1.5.1.1 Expanded Drift

The map relative to the expanded Hamiltonian is then

_ _Px _ _Py
T TLS L
X 4 x + xpl Yy <y +ypl

2 2
ng(l_%(mTw))

1.5.1.2 Exact Drift

The map relative to the exact Hamiltonian is then

Px Px
X x+—I —y+—=I
Pz e Pz

(i)

1.5.2 Curved exact bend

This map is adapted from [11].

15

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)
(1.50)

(1.51)

(1.52)

(1.53)
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1 dpx
x(s) = ke <h\/(1 +0)? — px(s)? — pj — pd—s(S) - koX) (1.54)
px(s) = pxcos(hs) + (\/(1 +6)2 — p3 — p} —kox (% + x)) sin(hs) (1.55)
Pt oy [ Px ainl px(s)
y(s) =y + kox +k0X (sm ( (1—1—(5)2;95) sin ( (1+(5)2py))
(1.56)
py(s) = py (1.57)
5(s) =6 (1.58)
l(s) =0+ (1+9)sh + (1+9) sin~ ! Px —sin~! pa(s)
kox kox (1+0)2—p3 (1+6)2—p3?
(1.59)
1.5.3 Straight exact bend
This map is adapted from [11].
1
x(L) = x+ kox <\/(1 +0)2 = px(L)? = pf — \/(1 +6)2—p2 — p%) (1.60)
px(L) = px — koxL (1.61)
Py [ -1 Px -1 px(L)
L)=y+ — — 1.62
y(L) =y kox (sm ( (1+5)2P§) sin ( (1+5)2py)) (1.62)
py(L) = py (1.63)
5(L) =6 (1.64)

_ 1_"‘5 sin 1 Px —sin~! px(L)
e e e

1.5.4 Rectangular bend - straight body

Xsuite supports rectangular bends with generic shifts and angles at the entrance and
exit faces as shown in Fig. 1.1. The following relations among the involved quantities
can be derived.

The code takes as input the total bending angle a and the difference a 4;¢s between the
angles at entrance and exit of the reference trajectory with respect to the magnet axis:

X = Kin + Xout (1.66)
Xdiff = Qout — Xin (1.67)

)
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Lstraight

Figure 1.1: Rectangular bend.

from which:

iy = it _Z“d“f (1.68)
o+ Kg;
Kout = 5 diff (1.69)

In the reference frame of the magnet body, for an on-momentum particle on the refer-
ence trajectory we can write:

Pxin = sin(ain) (1.70)
Px,out = — sin(&out) (1.71)

Using Eq. (1.61) we can write:
— sin(aout) = sin(ain) — thtraight (1.72)

from which we can obtain the curvature of the reference trajectory:

_ sin(ajn) + sin(aout)

h (1.73)
Ls’traigh’c
Using Egs. (1.60) and (1.61) we can write:
Pxmid = Pxin — thtraight/ 2 (1-74)
Px,mid = Px,out + thtraight/2 (1'75)
1
Xin = Ymia = 7 (/1= P2ia = /1= P2in) (1.76)

1
Xout = Xmid + E (\/1 - pazc,out - \/1 - pyzc,mid) (1'77)
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Using Eq. (1.65) we can write:

1/, _ . Ny + o o
Leury = 7 <sm Ypyout) — sin 1(pxlm)> = mTout =z (1.78)

In the special case of a sector bend (a4i¢f = 0) we have, summing Eqgs. (1.74) and (1.75):

Q

Xin = Kout = ) (1.79)
Pxin = —Px,out = sin(oc/Z) (1.80)
Pxmid = 0 (1.81)
h = M (1.82)
Lstraight
o Lstraight
Lewrv = 5 = Sinc(as2) (1.83)
1
Xin = Xout = Xmid — 7 (1 - COS(“/Z)) (1.84)

The last gives the usual equation for the sagitta of a bending magnet.

1.5.5 Thin bend

In a curvilinear reference system with a constant curvature / in the horizontal plane
a uniform magnetic field can be derived by the vector potential:

Ay =0 A, =0 A=y (v (1.85)
X — Yy y_ 7 S — y 2(1+hx) . .

With the following normalization kg = %By is the inverse of the bending radius of the
reference particle.
The exact and expanded Hamiltonian for a horizontal bending magnet is (eq. 2.12 in

[2])

T hz
H:%—(1+hx)\/(1+5)2—p§—p§+)cko (x+%) (1.86)

2 2 2

P LRty ha”
_504-2 T (14+hx)(140) + xko | x + > (1.87)

The map for a thin dipole kick (horizontal or vertical) from the expanded Hamiltonian
is (eq. 4.12 in [4]):

Px < Px+ (hxl — Xkol) + hyld — Xkolhxx (1.88)

py < py — (hyl — xkol) — hyls — xkolhyy (1.89)
hex —h

T 2", (1.90)

p
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1.5.6 Thin Multipole

The effect of a thin multipole can be approximated by the following Hamiltonian
Alongitudinally uniform static magnetic field can be described by the following equa-
tions

B, +iA,

By+iBy =Y ———"(x+iy)"! (1.91)
n=1 70
—By Y Iy, (1.92)
n=N Tp

The kick AP = ggv,£ x (Bx% + B,f) translates into
Apx — iDpy = —Z—gx(By +iBy) (1.93)
A thin multiple idealizes the effect of the field by taking the limit of the integration

length going to zero while keeping constant the integrated strength. The Hamiltonian
is:

1 1 1
H = 5(s)xLR n;) m(kn + ik ) (x +iy)" ] (1.94)
where
k, = n!@Bn—:l lzn — n!@A”_;l. (1.95)
Po To Po Ty
The corresponding map is:
[ 1 - -
prpx—xL-R| ), —(kn +ika) (x +iy)" |, (1.96)
Ln=0""" i
o ) ]
py < py+xL-S Y, —(kn +ika) (x +iy)" |, (1.97)
Ln=0""" i

In case a curvature &, the vector potential become:

Fley) = [ Bu(xy)dy (1.98)
g(x,y) = / 0xBx(x,y)dy (1.99)
SR A [ %7 ki R T/ S

S (—h% (3(x,y)) =[x (%, y)dy — h [ bx(%,y) dy — hiby(%,y) — by(%,y) ) d
hx+1

(1.101)
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1.5.7 Accelerating Cavity

The approximated energy gain of a particle passing through an electric field of fre-
quency f = zk—fT for which:

1/2

Vsin(¢ — kt) = / , E(0,0,1,5)ds. (1.102)

—1/2

An equivalent vector potential can be derived and normalized as
_ v )

As = - cos(¢ — kT) Vi = Pye (1.103)

from which one can derive the following map
pr < pr + xVisin( ;SO)’ (1.104)

0

where the additional terms in the phase is added in case harmonic number is not
exactly integer and the phase is unlocked phase ). The new 4 can be updated from the
new pr.

1.5.8 RF-Multipole

The RF-multipole generalizes the interaction of a particle with an electromagnetic
tield by assuming that

L/2

(x,y,7)=q R (x,y,t) (1.105)
L/2

APy(x,y,7T) = q/ L (x,y,t) + BcBy(x,y,t)ds (1.106)
L/2

APy(x,y,T) = q/L/2 (x,y,t) — BcBx(x,y,t) ds. (1.107)

are harmonic in x, y and periodic in T of frequency f = anc such that:

N
as(x,y,7) =R [Z <kn cos(¢y — kt) + ik, cos(p, — kT)> (x +iy)" (1.108)
n=1
The map then follows:
Ny o
Apx == Y AR | (kaCo + ikaCo) (x + i) V)], (1.109)
n=1"""
Ny o
Apy = 1 A [(kaCa + ikaCo) (x+ i) "] (1.110)
n=1""
N A
Ape = —xk Y R [(knSn + iknSu) (x +iy)"], (1.111)

n=1
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where

Cn = cos(¢n — wAt) Cp = cos(pn — wAt) (1.112)
Sp = sin(¢, — wAt) Sy = sin(¢, — wAt). (1.113)

1.5.9 Solenoid

The derivation largely follows one by Forest [11], while the final map can be verified
to be the same as the one by Wolski [12].
We can write the Hamiltonian for the solenoid as follows:

2 bz 2 bz 2
H = pg — (1 + 5) — (Px + Ey) — (py — 33() (1114)

where we have defined the normalized quantities b, = BZ?J—?), Ay = Ax?)—g, ay = Ay;’)—g.
This can be obtained knowing the general Hamiltonian

H=p; - \/(1 +0)2 — (px — ax)? — (py — ay)? — az, (1.115)

we can extract the magnetic field potential and convince ourselves that H describes
a magnetic field with only the longitudinal component equal to B;, as expected of a
solenoid:

BZ aAZ 0A
Ay -3 Y ay Bzy 0
_ _ B, _ _ | 0A, 0A, | —
A= Ay = | Zx — B=VXA= aa_Z_W =10]. (1.116)
A
A, 0 axy - aé;x B,

The Hamiltonian H can be simplified, by applying the following transformation,
which should be understood as the change of reference from the general coordinate
system X to a new Xpew:

1
—5 0 0 b
1
T = 01 1 Z bz 01
—5 0 0 —1
L 0 1 _% bz 0 i
In particular, note that if
X —Xnew — Ynew
X = Px = T_1Xnew = %(pX,new + py,new) )
Y b_z(Px,new - Py,new)
Py ] | % (xnew - ynew) i
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then we can rewrite H in terms of Xnew (dropping the ‘new’ suffix, while keeping it
in mind) as

K= — /(14682 — p? — b2a2.

We can simplify H even further, rewriting it in terms of the following action-angle

variables:
X = w/%cos(cp) and py := 1/2|b;|]sin(¢). (1.117)

The new Hamiltonian with respect to | is the following:

K=—/(1+8)2—p2 —b2a2 =

2
J(Héﬂ(\/zbzum(@) — 02 cos(e)? =
2

- \/(1 +6)? - (\/Msin(q?))z - (Mcos((p)) =

— (62 20T,

Then, using Hamilton’s equations, we can solve for ¢:

dp 9K B 9K b, |
=G = 9@ =00 25 =p(0) -z

Let w := —b,/K. Keeping in mind that we are still in the realm of Xpew, we can
compute Xnpew and ynew substituting the above into (1.117). Note that we can drop
the modulus on b, in both w and the equations below, as cos is an even function, and
while sin is an odd function and the signs of sin(wz) and b, will cancel out anyway.

X = \/%cos (qb(O) + <—z’b—£|>> =

%COS(])(O) cos(wz) — |2blz||bz| sin¢(0) sin (—z%) =
xg cos(wz) — % sin(wz)

Px = \/Msin (¢(0) + (—z%>> —

\/2|bz|] sin¢(0) cos(wz) + |b,| %COS $(0) sin (—z%) =

b |

Px,0 €Os(wz) + byxg sin(wz)
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These equations give us the map for the solenoid in Xpew. We can write this transfor-
mation in the form of a matrix

_ sin(wz)

cos(wz) . 00
R — b;sin(wz) cos(wz) 0 0
' 0 o 10|
0 0 0 1}
and therefore the whole solenoid map in X as follows (let S := sin(wz) and C :=
cos(wz)):
¢ s s 1C]
2 b: 2 b,
_bS cy1 b(CZ]) s
Mi=T'RT=| * * * 2
_Ss C1 C4l S
2 b, 2 b,
b2(1-C) s _bS Cil
| 2 4 2

In the tracking procedure of Xtrack (and MAD-X) the map is implemented with re-

spect to a different quantity sk, which we will denote with k, and which represents

half of magnetic field strength b,: k = %. Lets := sin(%) = sin(%Z) and ¢ := cos(Z);

then we can rewrite M using the trigonometric identities:

C+1 1-C
cos(20) =2cos’f —1=1-2sin’f —= * = ; and s* = 5
S
sin(20) = 2cosfsinf — sc = 5
as the following transfer matrix
[ 2 S s %-
—kes > —ks* cs
M= 52 2 s |’
—CS - c T
| ks*  —cs —kes 2

which, with relatively little effort, can be verified to correspond to the implementa-
tion of the tracking procedure. We have the following map (note the change in ( is
analogous to the drift):
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x < (xcos (0) +ysin(0)) cos (0) + b%(px cos (0) + py sin (0)) sin (6)

Py —% (xcos (0) +ysin (6))b,sin (0) + (px cos (0) + py sin (9)) cos (0)

y < (ycos (0) — xsin (0)) cos () + b%(py cos (0) — pxsin (0)) sin (6)

py —% (y cos () — xsin (0))b. sin (8) + (py cos (6) — pxsin (0)) cos (6)

(o)

2 2
where p, := \/(5 +1)* - (bz—zx — py> - (”2—Zy + px) ,0 = gz—pi, and L is the length of
the thick solenoid.

1.5.10 Tilted solenoid

From solenoid frame (x’-z") to beam frame (x-z) we have the following transformation:

x =x'cos® — 7' sinf (1.118)
z=x"sin@ +z' cos b (1.119)
The inverse transformation is:
x' = xcosf + zsinf (1.120)
7/ = —xsin@ + zcos 6 (1.121)
We write the potential for solenoid with longitudinal field dependent on z:
Ay = —BAT(Z/) Y (1.122)
Ay = B AZ(Z/) % (1.123)
Ay =0 (1.124)
We compute the components in the beam frame:
Ay =cosf-Ay —sinf- Ay (1.125)
Ay =Ay (1.126)
A; =sinf- A, +cosf- Ay (1.127)

Replacing the coordinates x’, 1/, 2’ and using the notation abuse B4 (z) = B4(z / cos ),
we obtain:

B
Ay = —#ycos@ (1.128)
Ay = BAT(Z)x cos 0 + BAT(Z)Z sin 6 (1.129)
A, — —Bal2) ysinf (1.130)

2
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I do a change of gauge:
Apew = A+ vf
with:
f= _Balz) yzsin6
obtaining:
B
Ay = —#ycos@
B
y = #xcos@
. 1dBa .
A; = —Ba(z)ysinf — EEzyan
From this we compute the field B = V x A:
_ 1dBy : 1dBsy .
Bx(x,y,z) = B xcosf — Ba(z)sinf — EEZSan
1dBy
By(x,y,z) = _EEyCOSQ

B.(x,y,z) = Ba(z) cos @

We call

1dB
Bxo(z) = Bx(0,0,z) = —Bx(z) sinf — Edd—ZAzsinG

B,o(z) = B;(0,0,z) = Ba(z) cos@

We can use the above to express the field:

1dBy

B2 =5 %

~ 1dBy
By(x,,2) = —5-—2y

B:(x,y,z) = By(z)

X+ BxO(Z)

and to expres the vector potential:

25

(1.131)

(1.132)

(1.133)
(1.134)

(1.135)

(1.136)

(1.137)
(1.138)

(1.139)

(1.140)

(1.141)

(1.142)

(1.143)

(1.144)

(1.145)

(1.146)
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1.5.10.1 Generalization to arbitrary tilt and dipolar components

If the tilt is not in the x — z plane, and if additional dipolar components are present,
we can generalize the above obtaining the following vector potential:

Ay = —BZOZ(Z) y (1.147)
Ay = BZOZ(Z) X (1.148)
Az = Bx(z)y — Byo(z)x (1.149)

The corresponding magnetic field is:

14B
Br(x,y,2) = —5 " x+ By (2) (1.150)
1dB
By(x,y,2) = —id—;‘) Y+ Byo(2) (1.151)
B:(x,y,2) = Bxo(2) (1.152)

1.5.11 AC-dipole

The excitation amplitude of the AC-dipole is denoted by A [Tm)], the excitation fre-
quency by g, [27t] and the phase of the excitation by ¢. The map presented here is
for a purely horizontal dipole, the map for a vertical dipole is obtained by replacing

Px = Py-
The effect of the AC-dipole is split into four stages. The turn number is denoted by n.

1. A number of free turns ny,,, in which the AC-dipole has no effect on the motion.
2. Ramp-up of the voltage from 0 to the excitation amplitude A for Nramp-up tUrnNS.

n/ _ N — Nfree

Mramp-up

A .
px — px+n'- P (14 6)sin (271q4 - (n — Nggee) + P)
3. Constant excitation amplitude for nq,; turns.
A )
Px — Px+ ﬁ (14 9)sin (271q,4 - (1 — Ngree) + @)

4. Ramp-down of the voltage from the excitation amplitude A to 0 for Nramp-down
turns.

0 = N — Nfree — Nramp-up — Mflat — Mramp-down

Mramp-down

pr = px+ 1= (146)sin (27q, - (n — Ngee) + @)

= >
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1.5.12 Wire

For each part we define p, = /(1 + )2 — x’2 — yy2, using the current values for x’
and v/'.
Step 1. Initial backwards drift of length L = %bl.

~

x—x—1L- al
Pz
yl
—y—L-—
y—y v
Step 2.
x - sin(ty) Yy’

A CoS <arctan (;‘—;) — tx) ' (1+6)2 -y

X — x- [cos(tx) —sin(ty) - tan (arctan (x_’) — tx)}

Pz

/
x' = \/(1+6)2—y? sin (arctan (;—) - tx)
z
- sin(t /
X —x— y-sin(ty) : a

cos (arctan (g-;) — ty> (1+6)2—x2

y—=y [Cos(ty) — sin(ty) - tan (arctan (Z_/) N ty)]

Z

) y’
y’ — 1/ (1+8)%2 — x2sin <arctan (—) — ty)

Pz

Step 3. Drift part of length L = [in.

~

x—>x-|—L-x—
|2
/
y—>y+L-y—
|2
Step4. Herex; = x —ryandy =y —ry.
cur-10~7
= . X
x'%x'—;’lfyzl {\/(lin—i—l)z—{—xiz%—y%—\/(lin—l)2+xi2—1—y12}
1 1
cur~1(')*7‘ .
y’%y’—%y;l [\/(lin+l)2+xi2+y?—\/(lin—l)2+xi2+y%]
1 1
Step 5. Drift of length L = lef f — lin.
/
x—>x—{—Lx—
|2

/
y—>y+Ly—

zZ
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Step 6.

y-sin(—ty) x!

cos <arctan (g-;) + ty) (1+40)* —x"
/
y—y- {cos(—ty) —sin(—t,) - tan <arctan (y—) + ty)}

Pz

. y'
Yy — \/(1+6)2—x2-sin (arctan (—) + ty)

Pz

X — X —

B x - sin(—tfy) _ Yy
Y Ccos (arctan (;‘—5 + tx> (1 + 5)2 - y/z

X — X [cos(—tx) —sin(—ty) - tan (arctan (x_’) + tx):|

Pz

/
x' =/ (1+46)2—y2-sin (arctan (x_) + tx)

Pz

Step 7. Shift.

X — x + embl - tan(ty)
(ty)

y —y+embl-
Step 8. Negative drift of length L = 7.

x—>x—1L-

Nl\N

y—y—L-

1.5.13 Electron Lens
1.5.13.1 Hollow electron lens - uniform annular profile

For a uniform distribution of the electron beam between R; and Rj, the radial kick
can be described by a shape function f(r) and a maximum kick strength Omax:

9(r)==(f};l)-6nwx (1.153)

with 7 = y/x2 + y2? and Omax independent of r. The shape function f(r) is defined as

f(r) = % = 21—: /Or rp(r)dr (1.154)

where I is the total electron beam current, I(r) is the current enclosed in a radius r
and p(r) is the electron beam density distribution.
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For a uniform profile one then obtains:

O , <Ry

2
R2 1;2 , R <r<Rp (1.155)
1 ’ RZ S r

and

47ceq (Bp), Befpc® Ra

where L is the length of the e-lens, It the total electron beam current, B,,, the rela-
tivistic B of electron/proton beam, Bp the magnetic rigidity, c the speed of light and
€0 the vacuum permittivity. The +-sign represents the two cases of the electron beam
traveling in the direction of the proton beam (+) or in the opposite direction (—).
For hollow electron beam collimation, electron and proton beam travel in the same
direction.

The kick in (x/,3’) can then be expressed as (note 2 = cos(¢), £ = sin(¢)):

Gmax - G(RZ) - (1156)

x' = x" — Omax - :—% f(r)-x (1.157)
r
Y =Y — Omax- r_i f(r)-y (1.158)

If the electron lens is offset by (Xoftset, Yoftset), the coordinates (x,y) are simply trans-
fered to:

= X + Xoffset (1.159)
? Y + Yoffset (1.160)
F= /2242 (1.161)
and the kick is then given by:
.

x’::x’——Gnmx-%%-f(?)-f (1.162)

r N\~
Y =Y a5 f(7) 7 (1.163)

1.5.14 Electron Cooler

The Parkhomchuk electron cooler in Xsuite applies a kick to the circulating ion based
on the following equation:

v -
po_ lere 3m(%m+%“+”), (1.164)
47T2€0me Vtot Pmin 1+ OL

Where F is the friction force acting on the circulating particle, . is the electron density
(per unit volume), g is the charge of the circulating particle, e is the elementary charge,
m, is the electron mass, dV is the velocity difference between the circulating particle
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and the local electron velocity. pmax and pmin are the maximum and minimum impact
parameters, respectively, and pr, is Larmor radius of the electrons (also known as the
radius of gyration). Vi, represents the total velocity difference between the electrons
and ion, which is given by:

Vit = \/dvz + 83 + A agnet (1.165)

Where dV? = dV? +d Vy2 + dV? is the squared norm of the relative velocity difference
between the ion and electron. To prevent the cooling force from diverging as 4V — 0,
regularization terms are added. The most logical approach is to add the tempera-
tures as regularization terms because they provide the RMS velocity difference when
dV = 0. This is why A the longitudinal electron velocity spread associated with their
temperature is added to Equation (1.165). Lastly, Amagnet is the additional velocity
spread induced by imperfections in the magnetic field of the electron cooler solenoid,
which is given by:

B
Amagne’c = C’YB_J|_ (1 -166)

Where g—i is the ratio of the transverse component of the magnetic field with respect
to the longitudinal component. The transverse temperature is not included in Eqau-
tion (1.165) because it is suppressed due to the gyration motion of the electrons in the
magnetic field. The transverse temperature indirectly plays a role in the Parkhom-
chuk model via the Larmor radius pr,, which is given by:

o mgAL

oL="—7 (1.167)

Where A is the transverse velocity due to the transverse electron temperature and B
is the magnetic field. The minimum impact parameter pmin is given by:

Ze?
47tegm, V2

(1.168)

Pmin =

The maximum impact parameter determines the maximum length scale at which a
Coulomb interaction takes place, which can be limited by various physical effects,
such as the Debye length and it is given by:

Pd = — (1.169)
Where the longitudinal velocity spread of the electrons A is given by:

kgT
M

A= (1.170)

The plasma frequency wy, represents the natural oscillation frequency of the electron
due to a perturbation in its charge distribution, which is given by:

1npe2
= . 1.171
“p =\ meq ( )
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The Debye radius is not the only limitation for the maximum interaction length. In
the case where the velocity difference between the ion and electron 4V is sufficiently
larger than the velocity spread of the electron A, then the maximum shielding radius
ps is given by:

_dv

s = (1.172)

@Wp
In principle, it is necessary to compute both p4 and ps and compare them to see which
one is the bottleneck and use that as the maximum impact parameter, which is given
by:

Pmax = min(pg, Ps)

However, in the code, the two shielding impact parameters are merged into a single
effective impact parameter, given by:

Vtot

Pshield = (1.173)
p

Here, Vit is the total velocity difference between the electron and ion from Equa-
tion 1.165. Combining these effects in one term ensures that the shielding parameter
reflects the combined influence of the ion’s motion and the internal velocity distribu-
tion of the electron beam, which is affected by the temperature of the electrons as well
as the imperfections in the magnetic field. An advantage of this formulation is that
it ensures that the impact parameter varies smoothly as a function of the relative ion
velocity dV, which changes continuously throughout the cooling process. By using
the combined expression for pgp;elq from Equation (1.173), the code avoids any abrupt
changes in the friction force that could arise from sharp transitions in the shielding
distance.

In addition to pghield, the maximum impact parameter can also be limited by the dis-
tance an ion travels inside the electron cooler. This distance-based limit is expressed
as:

Pinteraction = ViotT (1.174)
Where 7 is ﬁ, which is the time it takes for the ion to pass through the electron
cooler. Finally, the maximum impact parameter in the Xsuite implementation is the

minimum of Pinteraction aNd Pshield, Which is given by:

Pmax = mMin (P shields Pinteraction ) (1.175)

1.5.14.1 Electron beam space charge

An additional effect of electron cooling that needs to be taken into consideration is
the space charge of the electron beam. Moreover, the electron beam will assume a
parabolic profile with respect to the radius, which is given by [13]:

AE I 1 2 I 2
(r) _ E’sz <1) ~12x 1074 ( d ) (1.176)
Eo ec Byy o 0 \Te—beam

Equation 1.176 says that the electrons at the edge electron beam have a larger momen-
tum than the electrons at the center. This means that the ions at the edge of the beam
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pipe will reach a larger equilibrium momentum than the ions at the core because the
ions will assume the momentum of the electrons.

The Xsuite electron cooler allows for the inclusion of an optional effect called "space
charge neutralization,” which is determined by the parameter "space charge factor."
A value of 0 for this parameter indicates that there is no space charge in the electron
beam, while a value of 1 indicates that the electron beam will follow a parabolic profile
as described in Equation 1.176.

An additional effect due to space charge is the rotation of the electron beam around
the beam axis due to the magnetic field of the electron cooler. The angular velocity of
the rotation is given by [13]:

I
w—*B ! ~ 60— (1.177)

er|B|2 27'[60(37‘5_ beam ﬁ’)sz” rg-beam IB,YZB”

This effect can also be disabled by setting "space charge factor" to zero. A value of 0
indicates that there is no rotation of the electron beam, while a value of 1 indicates

that the electron beam will rotate with the angular frequency described in Equation
1.177.

1.5.15 Dipole fringe field

The dipole fringe field implementation is based on [14]. Additional information can
be found in [15, 16].

+5 Loy
Y= g U
Px,f = Px
2y
y =
s s 20 Sy
0
Puf =Py = YYf ~ 9re(1 + 6)Yf
19y ,
b == 35"
o =06
with:
§ = ko tan |arctan (x_’) — gkoK Px 2+ — Py Ps (1.178)
1+y” Ty p?
where kj is the normalized magnetic field, g is the magnet gap and K is the fringe
tield integral:
+o0 b(s) (ko — b
— / 2 ) 46 (1.179)
8ky
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1.5.16 Dipole wedge

The following map can be used to move the observation plane by an angle 6 around
the y axis in a uniform dipole field [11].

xpy sin(26) + sin? 6 <2x\/(1 +6)2—p2—p2 - k0x2>

\/(1+5)2—px(9)2—p§+ \/(1+5)2—p§ — pjcos® — pysinf

x(0) = xcosf +

(1.180)
px(60) = pxcost + (\/(1 +0)2 —pi—pi— k0x> sin 6 (1.181)
_ Pyg ., Py [ —1 Px il px(0)

y(e)—y+k09+k0 (sm ( (1+5)2p§) sin ( (1—1—(5)2;95))

(1.182)

py(0) = py (1.183)

5(6) = 6 (1.184)
00) =10+ (1+9) 0+ (1+9) sin~! Px —sin~! px(0)

o o (146~ p3 (146~ p3

(1.185)

where kj is the normalized magnetic field.

1.5.17 Rotations

We assume the conventions for the directions of rotation for compatibility with MAD-X,
as visualised in Fig. 1.2, and give the maps to convert the particle coordinates to the
reference frames rotated by ¢, 6, and ¢, respectively.

Yy
A

-

X
Y
> S

Figure 1.2: Rotation directions in the beam coordinate system (right-handed system).

The longitudinal momentum is

pz = \/(1+5)2—P%—P§-
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1.5.17.1 X Rotation

We define a scaling factor « arising from the coordinate system being tilted by ¢ about

the x-axis:
1_ tan¢ py

Pz
The coordinate updates can be described as follows:

K=

yem, py<—pycos¢+pzsm¢,
oy prtane o ytang (14 fopr)
Kp: Kps

1.5.17.2 Y Rotation

We define a scaling factor x arising from the coordinate system being tilted by 6 about
the y-axis:
oim 14 tan 6 px.

Pz

The coordinate updates can be described as follows (which can be verified with [11],
noting the opposite convention of the angle 0):

* — [— in @
ccosQ Px T Pxcos pzsmu,

X py tanf x tan 6 (1 + Bop:)

cy- BTy :
yey- P ey -

1.5.17.3 S Rotation

We perform a rotation in the x-y plane by an angle :
X4 xcosp+ysiny, y< —xsiny +ycosy,
Px ¢ PxCosy + pysiny, py < —pysiny + py, cos .

1.5.18 Multipole fringe field

The fringe field effect for multipole magnets is implemented as described in [11].

~ cn(x +iy)" n+2 B
fem :':%4(71-1—1)(1—}—5) {xPx+yPy+l L (xpy ypx)} (1.186)
i

1496
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The functions f* and f¥ depend on position only. The characteristic function is chosen
so as to depend on the final momenta:

;PP

N =x-
S(x,p/)=x-p 156 (1.187)
The resulting system is:
T i
X X T (1.188a)
f y
A+ Pl
Px = Px 155 (1.188b)
1+(5
o PR@uf) + @) (1.188d)
Py="Fy 146 '
5f =46 (1.188e)
foex Y
_of pxf +ny
(=1 +—(1+5)2 (1.188f)

It is solved by inverting Eqgs. (1.188b) and (1.188d) simultaneously for the final trans-
verse momenta.

1.5.19 Quadrupolar correction for wedge and Y rotation

If the wedge or Y rotation take place in the presence of a quadrupole field, the follow-
ing correction is applied to the transverse momenta:

f ki x20 y_z
px = pPx —k1x°60 + &y 5 0 (1.189)
Pl = py + kixyo (1.190)

This correction is a perturbation of the wedge or Y rotation, and can in theory be
applied using any integration scheme. It is currently implemented as a kick-drift
approximation.

Derivation

(derived by S. Van der Schueren based on the MAD-X/PTC [17] source code)
In a curved reference frame (dropping terms of order O (y*)):

2 _ 2 _ 42
H, = ﬁo — (1+hx) (\/(1+5) Px — Py — 1+h T i ths 2 3 Jr2(hx+1)
(1.191)
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which we can split in perturbation theory in a drift-like part Hyp and a kick-like part
H1:

Hy = %_ (1+hx),/(1+0)2 = p3 — p} + (x+gx2) bo (1.192)
0
yZ x3 x2

The Hamiltonian Hy leads to the dipole wedge 1.5.16 (or a dynamical rotation 1.5.17.2
if by = 0) when taking the limit 1/h — 0, s — 0, sh — 6 . The Hamiltonian H; has
equations of motion:

T —% = hkly; — hkyx? — kyx (1.194)

py = —aa—l;lz = (1+ hx)kry (1.195)
which gives integrated equations:

px(s) = px + hkly;s — hkqyx*s — kqxs (1.196)

py(s) = py + (1 4 hx)kiys (1.197)

Taking the limit to 1/h — 0,5 — 0, sh — 6 as for the dipole wedge we find the
expressions for the quadrupole wedge.



Chapter 2

Linear optics calculations

Optics calculation are needed to study the motion around the closed orbit. By defining
z as the vector of 2k coordinates,

z=(z1,...,.z)" = (x = x0, px — Px0, ¥ — Y0, Py — Py0, T — T, P — o)’ (2.1)

one can define linear transfer maps (e.g. Mj_,; that propagates coordinates between
two points s1, s7) and the one-turn map (e.g. M; that combines the effects for one turn
starting from s,):

z(s2) = Mi_52z(s1) z(C +s1) = Myz(s1). (2.2)

In the following we will describe the optics calculation based on the Ripken formalism
described in [18]. A good summary is also given in the MADS physics manual [19].

2.1 Diagonalisation of one-turn matrix

Since the matrices derive from symplectic maps, the eigenvalue spectrum of the one-
turn map M consists of 2k distinct eigenvalues and linearlil independent eigenvectors.
In addition, for the motion to be stable the eigenvalues A, with eigenvectors U]:{t have
to be complex [18]:

Mot = Ao, k=1,...,3 (2.3)
of =), A=) A =1 (2.4)

As the eigenvectors are linearly independent M can be diagonalized with
M=VAV (2.5)

where V consists of the eigenvectors and A of the eigenvalues:

+ J— —
9191 Y11 " U3 _
M

V= (2.6)

_|_ — —_
U120 U1 "7 Uzp

37
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+

Pl

The same calculation can be carried out with real numbers by the following defini-
tions:

for which vii]. is the component j of eigenvector v

vki = ay *+iby, Alf = COS Jj £ 1sin g, Ui, g, b € R (2.7)
such that:
M =WRW! (2.8)
with
cospyy sinpg
—sinpy €os
R =R(uy) = , (2.9)

Cosyz  sinyj

—sinps C€oOS U3

an big oo azq bz
aip bip - azp bip

W= 2.10)
e bie -+ aze bzge

Usually py is written as py = 27t1Qy, where Qy is then the tune of the mode k.

2.2 Normalisation of eigenvectors

By convention, the eigenvectors and values are normalized, sorted and rotated so that
the following three conditions are fulfilled:

1. Plane 1 is associated with the horizontal, plane 2 with the vertical and plane 3
with the longitudinal plane. This is achieved by first normalizing the eigenvec-
tors vf and then sorting them so that:

\z;;rz]._l\ = \v].jz]._l\ = Iax vy, i=1,...,3 (2.11)

2. The eigenvectors are then rotated with a phase term ¢
v — vk exp(iy) (2.12)
such that
angle(vzzk_l) =0 P = —angle(v,‘&k_l) (2.13)
In real space, Eqn. 2.11 and 2.13 then become equivalent to:

\a]’,z]-_1| = kr:nla2x3 |£lk’]'|, bj,2j—1 = 0, ] = 1,. . ,3 (2.14)

This has the effect that a particle with x = 0 is transformed to % in the normal-
ized phase space.
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3. The sign of by ; is fixed by the symplectic condition on W

WIsw =§ (2.15)
with S defined as
0 1
S=1 -1 0 (2.16)
which is equivalent to:
al -S-by=1, bl-S-a,=-1, fork =1
al -S-b; =0, fork #1 (2.17)
al -S-a;=0, bl-S-b=0, k1=1,...,3

Eqn. 2.17 yields that in phase space g is thus obtained by an anticlockwise rota-
tion of by by 71/2 and a scaling of its length with |a;| = |bl_k|

2.3 Conversion to normalized coordinates

We will show in the following that in the normalized phase space the propagation of
particle coordinates z(s) from s; to s; isjust a rotation by an angle ¢ inthek =1,...,3
planes, while the amplitude I; and initial phase ¢ stay constant, explicitly z(s) is
then given by:

3
z2(s) = Y /2L (ai(s) cos (pro + ¢i(s)) — bie(s) sin (¢ + Pic(s))) (2.18)
=1

and

z(sp) = W(SZ)R(q)k)W(s])_lz(sl), (2.19)
with ¢ = ¢r(s2) — Pr(s1)

This implies that one turn is simply a rotation by ¢, = 27Qy where Q is the tune
of the mode k. In the transverse plane the tune (Qjy) is usually positive and the
particles rotate clockwise, while in the longitudinal plane the tune (Qjyj) is negative
above 7yt leading to an anticlockwise rotation.

For the derivation the following steps are needed:

1. The effect of one turn on the normalized variable Z(s) = W~1(s)z(s) is a rota-
tion:

2(C+s) = Wlz(s + C) BB W-lwRW12(s) = R2(s), (2.20)
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As M and R are symplectic also W is symplectic, and its inverse is thus given by

STIWTS, explicitly:

b1o
—a12

b
—da2

b3p

—asp

—bny
ai
—boy
as1
—b31

as1

b4
—a14

b4
—a4

b3y

—as34

—b13
ai3
—bo3
az3
—bss

as3

bie
—a16

bae
—a26

b3e

—4as3e

—bis
ais
—bos
azs
—bss

ass

(2.21)

2. The one-turn map and W-matrix can be propagated from s; to s; by

My = My oMM},

Wy = My, Wy

(2.22)

As Eqn. 2.20 represents a similarity transformation, the eigenvalues are thus
independent of the position s and as the rotation matrix R consists of the eigen-
values of M, the angle of the rotation y; = 27Qy is thus also independent of

S.

3. As Eqn. 2.8 represents a basis transformation from the standard IR? basis to the
eigenvector basis, the vectors a; and by are projected onto (Eqn. 2.17):

i, = Wlay = —SWTSa,

= —S(a1Say,b1Say, ..
by = Wb, = —SWTsh,

= —S(a1Sby, b1 Sy, . ..
by = Wby = —SWTSb;

= —S(a1Sb3, b1 Sbs, . ..

in the normalized phase space.

., b3Sa)T = (1,0, ..
,b3Sb)T = (0,1, ...
,b3Sb3)T = (0,0, ..

.,0)

(2.23)

1)

4. From Eqn. 2.20 it follows that the amplitude [; and initial phase ¢y of Z =

Wz = (24, 2b,, - -, Zy)

tangyg = —=—

Zp,

ak

(2.24)

(2.25)

are constants of the motion. The initial phase is defined with a minus sign in
view of the definition of the Twiss parameters, where the initial phase is then
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added (and not subtracted) to the phase advance. The components of Z are then

explicitly given by:
3
Zak = Z bklszQj,1 - bk,2]'_122]', k= 1,...,3 (2.26)
j=1
3
Zbk = Z Elk,2]'_122]' - ﬂk,szijl, k = 1,...,3. (227)
=1

An arbitrary vector z(s) can thus be written in the following form:
z(s) = W(s)Z(s)

=W(s (Z Zg 0 + Zbkbk>
; Eqn 223 3 3
= Z Zo,W(s)ay + 2, W Z k + Zy, by

3
Eqns. 2.24,
s 22425 Z V/ 21 (ax cos ¢ro — by sin o) (2.28)

2.4 'Twiss parameters

In the following the parameter k will always be used for the mode k and the parameter
j = 1,2,3 for the horizontal (x, px), vertical (v, py) and longitudinal plane (g, d) in the
phase space. z5;_1 then stands for the coordinates (x,y, {) and zy; for (px,y,9).

The Twiss parameters can be introduced by writing the components of the eigenvector

basis (a(s), bi(s)) as the product of two envelope functions \/,Bk,j(s), \/'yk,j(s) and
phase functions ¢ ;(s), ¢k i(s) = ¢x,;(s) — arctan(1/ay ;), also called Twiss parameters

or lattice functions, with
\/ Bk ( )cosgbk] s),

(
\/Brj(s)singyi(s), k,j=1,...,3 (2.29)
\/ Vk,j(8) cos Py i(s),
bioi(s) = \/Vkj(8)singyi(s), k,j=1,...,3 (2.30)

where By i(s), ax i(s), 7k,j(s) represent the projection of the ellipse of mode k on the
plane of coordinates zp;_1 — zok.

Using Eqns. 2.18, 2.29, 2.30 and cos(x + y) = cos x cosy — sin x siny, the coordinates
z(s) can be expressed by:

3

22i-1(5) = Y, +/2IeBr,(s) cos (¢ (s) + o) (2.31)
\/ 2Ikvk,j(s) cos (Pj(s) + Pro), =1, (2.32)

Ak,2j—-1(8

ak,2j S

(s)

b2j-1(s)
(s)
(

=
—_

e

Zz] =

i
—_
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Conversely the lattice functions can also be expressed by a; and by with

Bii(s) = akpj—1(s)* + byoj_1(s)* (2.33)
agj(s) = —ar2j-1(8)ar2;(s) — brzj—1(5)br2i(s) (2.34)
Thj(5) = ar2j(s)? + bioj(s)?, (2.35)

The well known relations between the lattice functions

3
Y Brjdr,; =1 (2.36)
j=1
Lt :
Ykj = T, with (2.37)
7)
L.

can then be derived with the help of the normalization condition (Eqn. 2.17)

alSby =1 (2.39)
by the following steps:
1. Asx’' = gif Ly = dy and 6 = dé the following relations hold also for a; and by:
Ar2j = i1 = ; (ar2j-1), (2.40)
br2j = bl/c,z]'—l ; (br2j-1), k,j=1,...,3 (2.41)

2. The normalization condition Eqn. 2.17 can then be written as

QESbk = i \/ Bk,j €O ¢y <\/,3k,j sincpk/j>/
]:
_ ( /5k,j cos qﬁk,j)/ \/,Bk,j Sin47k,j
= iﬁk,j‘i’l/c,j
j=1
_q (2.42)

Note that Eqn. 2.42 yields the the following relation between the phase advance
¢ and B in 2D:

0) + / 0 %ds? (2.43)
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3. Using the abbreviation ay ; := — 1B kj, one finds for each mode k and plane j
VVKjCOS Prj = Ao = A pi 1 = (\/,BT,]'COS i) (1)
VSN = by = bioi g = (\//37,]' sin ¢y, ;)’ (2)
R Pty + o ¢§k+ % , kj=1,...3 (2.44)
/]

which simplifies in the 2D case to:

Eqn. 242 1+ a2

2.45
B (2.45)

2.5 Transformation to normalized coordinates

The W matrix can be used to transform normalized coordinate into physical coordi-
nates and viceversa:

X £ VexX
Px px \/gﬁx
N I e (2.46)
Py Py VEyPy
4 4 VEG
Pe P¢ VEPe
where
(2 px 7 50 C c) (247)

are normalized coordinates in sigmas and ¢y, ¢, and ¢; are the geometric emittances.

2.6 Action, amplitude and emittance

We define the action associated to the three modes:

2 + 7+ 7 17
Jx = Tx, Jy = 5 J; = > (2.48)
The corresponding amplitudes are defined such that:
Ay =[R2+ P2 = /2], (2.49)
Ay =\ /9?+ ﬁﬁ = /2]y (2.50)
Ag=\/C+p2=/2]; (2.51)
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A Gaussian distribution is defined such that the density with respect to each action
can be written as:

f(Jx) = Kel/ (2.52)

where the emittance ¢, can be written as:

sa=<]x>=/jJUﬂdh (2.53)

2.7 Dispersion and crab dispersion

A

For a particle having no betatron amplitude (£ = px = § = p, = 0) we can write:

x = Wis{ + Wigpy (2.54)
¢ = Wiss{ + Wsef; (2.55)
pr = Wesl + WesP; (2.56)
2.7.1 Dispersion
The dispersion is:
dx
pr _ Gx _
Dy = 7 for ¢ (2.57)

{=—72p (2.58)

We replace in Eq. 2.56:

. WesWse ) -
= (W 2.59
Pg ( 6 Wee (2.59)
From Eq. 2.58 we obtain:
. Wse ( w65w56) -1
= ——— [ Wgs — 2.60
4 o | Ve We 44 (2.60)
Replacing the last two into Eq. 2.54 we obtain:
WisWse WesWse \ "
= Wi— ——— Weg — ———— 2.61
X ( 16 Wes 66 Wes pe (2.61)

WisW: WesWsg\
DY — (W16_ 15 56) <W66 ~ Wes 56) (2.62)
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A similar type of calculation can be done for the other planes, and for the transverse
momentum dispersion, obtaining Dgi: which gives the dispersion:

WosWse WesWse \ !
px ( 26 Wss 66 Wss ( )
W35 Wse WesWise \ !
DI = (Wag — —22) [ Weg — ——2 2.64
y ( 36 Wiss 66 Wss (2.64)
Wys W, Wes W, -1
DPe — (W, — 22457Y56 ) (a7 PY657V56 265
Fy ( 46 Whss 66 Whss (265)

2.7.2 Crab dispersion

The crab dispersion is:

dx
DS = + forp;=0 (2.66)
By imposing p; = 0 in Eq.2.56 we obtain:
R Wes »
= —— 2.67
Pe= "W ¢ (2.67)
We replace in Eq. 2.55:
- WsWes \
{ = (w55 - 65) ¢ (2.68)
66
From Eq.2.67 we obtain:
" Wes WssWes \ '
=——— | W55 — 2.69
Pe Wee ( 55 Wee ) 4 (2.69)
Replacing the last two into Eq.2.54 we obtain:
Wi6Wes WssWes \ ™'
= | Wis — Wss — 2.7
v = (Wig - T ) (g Meti) g @70
which gives the crab dispersion:
W16W65 W56W65 !
D§ = (W5 — —8765 ) (W — —265 2.71
* ( 15T T )( 55 Wee (2.71)

A similar type of calculation can be done for the other planes, and for transverse
momentum crab dispersion obtaining:

-1

7 _ _ WosWes Wee — Ws6Wes 272

P, (WZS Wes ) ( » Wee 2.72)
WieWes Wi Wes \ 1

DS = — Wss — 2.73

Y (W35 Wee 55 Wee (2.73)

WisW, WissWes\ !
Df, = (W45 - Wi 665) (W55 W 65) (2.74)
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2.8 Linear betatron coupling
The following is based on [20] and [21].

In the presence of betatron coupling the transverse on-momentum motion can be
written as:

Xp = A1 cos [2Q1(n — 1) + ¢1 x| + Apx cos 2mQa(n — 1) + ¢ 4] (2.75)
Yn = A1y cos [271Q1 (1 — 1) + @ry] + Azycos [2Qa(1n — 1) + ¢ay]
We can define:
— A Al
= [ Ary| /1A (2.76)
rp = |Agx| /| Asy|
AP = - X
P =Py P (2.77)
APy = oy — oy

These quantities can be obtained from the normalized W matrix as:

(A 279
ry =/ Wi5 + Wi,/ Was

A1 = arctan (Wzp/Way) 2.79)
A¢r o = arctan (Wiq/Wi3)
From these we can compute the following quantities as [21]:

2 —
c| = Vrir2 [Qr — Q2| (2.80)

(14 ryrp)
X(s) = Ap1o(s) (2.81)
C(s) = |C™| Xl (2.82)

where Q7 and Q; are the tunes of the betatron eigenmodes. Note that only the phase
of C~(s) is s dependent.

It is possible to prove that C™ is related to the skew quadrupole strengths along the
ring by the following relation:

. L )
C™=|C|eix = % / B Bykse![ P~ ®um2mbs/L gy (2.83)
0

where A is the difference of the unperturbed fractional tunes.
To have a more robust estimate, Eq. 2.80 is evaluated at all s positions and averaged
over the ring, as suggested in [22].
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2.8.1 Edwards-Teng formalism

This section is based on [19]. The full derivation can be found in [23] and [24].
Consider the linear transfer map R in two degrees of freedom, partitioned into four

2 x 2 blocks:
A B
R = . (2.84)
C D

The 4 -dimensional phase space vector shall also be partitioned according to the hori-
zontal and vertical planes. Edwards and Teng introduce a “symplectic rotation”:

I Rgr si
Ter = COS‘? ETSing ) (2.85)
— Rgrsing  Icos¢

Here Rg7 is a 2 x 2 matrix with unit determinant, and Rgr denotes its symplectic
conjugate:

a b a b _ d —b
Rgr = , |RgT| = =1, Rgr = . (2.86)
c d c d —Cc a

This leaves three free parameters for the elements of Rgr, and a fourth parameter
¢. Edwards and Teng then determine Rgr such that R conjugated with Tgr becomes

block diagonal:
_1 E 0
TerM TET = . (287)

0 F

If |B+ C| < 0 both ¢ and all elements of Rgt become imaginary. This may be avoided
by redefining

T ! I Rer (2.88)
ET — —YF/7—7Y ’ .
vV 1+ [Rgr| \—=Rgr I

where all four elements of Rgt are free parameters.
The solution is

-1
Rer = <%(TrA —Tr D) + sign(|C + BJ) \/|C+§| + }L(TrA—TrD)2> (C+B),

(2.89)

and
E=A— BRgr (2.90)
F =D + RgrB (2.91)

Twiss parameters of E (and F) can be found by:

P_ (EM E1,2> _ (cos Ua+apsinpy Basinpy ) (2.92)

Erq1 Ep —yaSInNyg COSpp —XASINYUA
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cospp = % trE,

sin Ha = Sigl’l(ELz)\/— E1,2E2,1 — (#

Ba

YA

_ Eqp
 sinpy
Epq
sinp

_ B —Ep
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2sinpg

(2.93)
(2.94)
(2.95)
(2.96)

(2.97)



Chapter 3

Counter-rotating beams

In machines having counter-rotating beams, such as the LHC, it is useful to be able
to express beam coordinates for one of the beams in the reference frame of the other.
Furthermore it is also useful to be able to define the two sequences using the same
orientation. For the LHC, for example, the sequence of the LHC beam 2 is defined fol-
lowing the orientation of the LHC beam 1. In this case the properties of the elements
are specified in such a way that the built sequence is able to backtrack the physical
beam and the sequence required to track the physical beam (usually called Beam 4
sequence) can be obtained with suitable transformations.

3.1 Reversed reference frame

The reference frames for beam 4 and beam 2 are related by the following transforma-
tions:

X=—x (3.1)
=y (3.2)
§=—s (3.3)
f=—t (3.4)
{=-¢ (3.5)
Px = Px (3.6)
Py = —Py (3.7)
]9~§ = pg (3.8)
5=19¢ (3.9)

where the tilde indicates the coordinates in the reversed reference frame.

3.2 Transformation of beam elements

The elements are tranformed in such a way that the map implements the backtrack of
the physical beam as seen in the reversed reference frame.

49
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3.2.1 Horizontal deflecting cavity

In the case of a horizontal deflecting cavity we can proceed as follows.
For Beam 4 we can write:
Apyx = Vysin(¢ — wt) (3.10)

and for Beam 2 we can write:
Apy = Vysin(¢ — wi), (3.11)
Since we define the element as backtracking we can write:
Apx = — Apx (3.12)

where the minus sign comes from the backtracking and no additional sign change
comes from the reference frame transformation (see Eq. 3.6).
Combining the equations above we obtain:

Vysin(¢ — wt) = — Vysin(¢p — wt) (3.13)
Using Eq. 3.4 we can write:
Vysin(p + wt) = — Vysin(¢p — wt) (3.14)

We choose to reverse the voltage definition since also the electric field is expressed in
the reversed reference frame:

obtaining:
sin(¢ + wt) = sin(¢p — wt) (3.16)

Using trigonometric properties we can write:

—sin(—¢ — wt) = sin(¢p — wt) (3.17)
and then:
sin(7m — ¢ — wt) = sin(¢ — wt) (3.18)
From this we obtain:
b= ¢ (3.19)

3.3 Vertical deflecting cavity

The case of a vertical deflecting cavity is similar but not identical.
For Beam 4 we can write:
Apy = Vysin(¢ — wt) (3.20)

and for Beam 2 we can write:

Apy = Vysin(¢ — wi), (3.21)
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Since we define the element as backtracking we can write:

Apy = —(=Apy) (3.22)

where one minus sign comes from the backtracking and an additional sign change
comes from the reference frame transformation (see Eq.3.7).
Combining the equations above we obtain:

Vy sin(¢ — wf) = Vy sin(¢ — wt) (3.23)
Using Eq. 3.4 we can write:
V, sin(¢ + wt) = —Vy sin(¢ — wt) (3.24)

We do not reverse the voltage definition as the vertical component of the electric field
does not change sign due to the reference frame transformation:

IEEIE (3.25)

sin(¢ + wt) = sin(¢p — wt) (3.26)

Hence we obtain:

Using trigonometric properties we can write:
—sin(—¢ — wt) = sin(¢p — wt) (3.27)

and then:
sin(7t — ¢ — wt) = sin(¢p — wt) (3.28)

From this we obtain:

$=m—¢ (3.29)
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Chapter 4

Synchrotron radiation

We collect here some relevant properties of synchrotron radiation [25]:
We assume B = |B | |.
Classical particle radius:

rg = Qz/ <4m—:0moc2> 4.1)
Curvature, rigidity, field:
1_QoB_ 08 “
PP mochy
Emitted power:
B 21’0C3Q2‘32’)/2B2
P = 32 (4.3)
Critical frequency:
_ 308%/°B
We = 2o (4.4)
Critical energy:
3QnB**B
E'yc = hw, = W (4.5)

Number of photons per unit time:

. 15V/3 P 60v3rcQB

7 — 4.6
) 8 En 72 R (.6)
Average photon energy:
_8V3_  8/3Qnp*y’B
(Er) =5 Bre = T5 = o0 (4.7)
Photon energy variance:
11 11 Q*h*B4*B2
2\ _ 2 2
<E7> N 27EW 12 m3 (4.8)
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<r‘zsA(52>:<ﬁSE%> 11 1 QW2A*B260vV3cQB Q2

== 49
E3 12 m3ct3 m3 72  h 4megmoc? (49)

The algorithm to generate photon energies with the appropriate distribution in de-

scribed in [26].

4.1 Damping from synchrotron radiation

The damping constants from synchrotron radiation can be easily obtained from mag-
nitude of the eigenvalues of the one-turn matrix:

ay = —log(|Ay|) (4.10)
ay = —log(|Ayl) (4.11)
The damping acts such that:
1 dAy  ay
A T (4.13)
where T is the revolution period. From Eq. 2.49 we obtain:
Ay 20y

By averaging over the beam distribution we obtain:

dey 200y
— = — 4.1

4.2 Equilibrium emittance

This section is based on the approach described in [27].

To account for the kicks experienced by the particles due to quantum excitation we
note that the transverse momentum change due to an energy kick in the direction of
the particle motion can be written as:

phew _ pold prev (4.16)
Xy T TXY pold '
From this:
pnew _ pold
PRoY — oyt = PRy (T) (417)
Dividing by Py:
PJI(\;W _ Pacc)}; B P)(c)};l pnew __ pold Py (4 18)
Py ~ B Py pold '
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Using the accelerator coordinates definitions (Eqs. 1.13 and 1.14), we obtain:

p 7,
Apsy = 1 iyéA(S (4.19)

The corresponding change in normalized coordinates can be computed from Eq. 4.20:

AX . 0
X
Apx T4o™
AT 0
Y ol=w (4.20)
AT 0
Apg AS
Using the Eq.2.21 we obtain:
NN (4.21)
AY = KA (4.23)
Apy = Kp, A (4.2)
A, = K;AS (4.25)
APy = K, AS (4.26)
where:
a +a
Ky = w + a15> (4.27)
b11px + b3
Kp. = —pi y; Py 4 bis (4.28)
a +a
K, = 21P91c - (523Py n a25> (4.29)
bo1px + b3
Kp, = —pi iy Py 1725) (4.30)
az1pPx + a3z
Ky = —pi 5 Py +a35> (4.31)
b31px + b33
e = | 5+ b35> (432)

The change in action (see Eq. 2.48) associated to the first mode, due to the emission of
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a photon can be written as:

B =5 (4 82) (px + Bp2)* — 2 — ] (4.33)

NI = N —

AR APE + 28A2 + 2P0 (4.34)

Averaging over all particles in the beam we obtain:

1
Mex =< A >= > (< ARE > + < AP? >) (4.35)
Using Egs. 4.21 and 4.22 we obtain:
1
Aex =< Ay >= 5 (/Ci n lC,%x) <A > (4.36)

Assuming that the kicks are uncorrelated we can obtain the emittance growth rate
from quantum excitation integrating over a full turn:

dsx . 1 C 2 2 . 2
<E>qum = 57 /0 (K2+K2,) < Nag? > ds (4.37)

where N is the photon emission rate (number of photons per unit time), Tp is the
revolution period, C is the circumference.

By summing Egs. 4.15 and 4.37 we obtain the total instantaneous growth rate:

dey dey dey 200y 1 /C 5 ’ _
0= =X = _ — NA6 d
dt ( dt )damp ! ( dt >quant To . 2Tpc Jo <ICX i ICpx) < -

(4.38)

By imposing the derivative to be zero we obtain the value of the equilibrium emit-
tance:

1
" dac

C
e /0 (K2+K2)) < Nag® > ds (4.39)

In the ultra-relativistic approximation:

< N(AE)? >

< NAS? >= .
EO

(4.40)
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4.3 Radiation integrals
Xsuite can compute the following radiation integrals:
I = 7{ (hoyDx + gy Dy) ds
L= j'{ (|2 ds
j- j{ Ih|? ds
Ty = ]{ (112h0x + 20y ) D dis
Iy = 7{ (11hoy — 201kt ) Dy ds
Iy = Iy + Iy = ]{ [2ky (7D — yDy) + |2 (T0x Dy + gy Dy) | ds
Ise = § 1Hs ds
Isy = § 1%, ds
The following quantities are used in the calculation.

* Horizontal and curvature of the particle trajectory:

B
hx — yQ
mocy
B
jy = BxQ
moCy

¢ Total transverse curvature and relation to the transverse magnetic field:

b TR

which is related to the transverse magnetic field by:

B _ /—B§ n B§ _ hmoSC’)’

¢ “Curly H” functions:

Hy = v2D? 4 20, Dy D), + B D?
Hy = fnyj + 2a, D, Dy, + ﬁny
/

X,y
using the relation:

¢ The derivative of the dispersion D

mentum dispersion D),

de,y . dx' . d px,y .
& —do doirs (T OPr TPy

/
Dx,y =

57

(4.41)
(4.42)
(4.43)
(4.44)
(4.45)
(4.46)
(4.47)

(4.48)

(4.49)

(4.50)

(4.51)

(4.52)

(4.53)
(4.54)

can be obtained from the transverse mo-

(4.55)
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* hoy and hoy are the curvatures of the reference trajectory. The path length on the
particle trajectory is related to the path length on the reference trajectory by:

ds’ = (1 + hoxx + hoyy) ds (4.56)
The radiation integrals can be used to compute the following quantities (where Cy

is the ring circumference, r is the classical particle radius, 7 is the reduced Planck’s
constant) :

¢ Momentum compaction factor (unitless):

I
— L 4.57
L% Co ( )
* Energy loss per turn [Js~!]:
2
U, = gcrolsofy?’fz (4.58)
¢ Damping partition numbers:
I
Je=1- }iz" (4.59)
Iy
Jy=1- sz (4.60)
I
J.=2+ ﬁ (4.61)
which satisfy Robinson’s theorem:
Jx+]y+J]: =4 (4.62)
* Longitudinal damping rate in [s~1]:
3
croy
= 2L +1 4.63
% = 36, (2L + Ly) (4.63)
e Transverse damping rates in [s1]:
3
cro’y
= I —1 4.64
Ky 3G, (I — Isx) (4.64)
3
croy
= I —1 4.
Y = 3¢, (I2 — Iyy) (4.65)

¢ Energy spread (unitless):

»  55V3hy? I

%7 796 moc2h + I (4.66)
¢ Transverse equilibrium emittances in [m rad]:
=BV I (4.67)
96 moc Ip — Iy
e, = 553 Ry Iy (4.68)

96 mpcC 12 — I4y
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4.3.1 Derivations
4.3.1.1 Energy Loss and Second Radiation Integral
From the instantaneous radiated power,

%c3ronE2B2 2
3 (moc2)® 3

The energy loss per turn is obtained by integration around one turn.

P = croEq°|h|? (4.69)
U, — /Ps £ df ~ —jfps _ —croE'y }1{|h|z ds’ (4.70)

We can assume (hg,x + hoyy) < 1, obtaining;:

2
Us = gcroE'y3I2 (4.71)

where we have defined the second radiation integral:

I = ]é 2 ds 4.72)

4.3.1.2 Longitudinal Damping Rate and Fourth Radiation Integral

Following Hofmann's analysis, the longitudinal damping rate can be written as [25]:

1 1 dus
te =57 —4F (4.73)
We calculate:
dus 1d N g 1d
= R s = Ed_E]{PS (1 + hoyx(E) + hoyy(E)) ds (4.74)
Using the dispersion to express x(E) and y(E):
du. d1
= 7{ P, (14 hoxDyd + hoyDy5) ds (4.75)
The derivative w.r.t. E is related to the derivative w.r.t. § by:
d dé d d (E—Ey\ d 1d
dE ~ dEds dE ( Eo ) dé ~ Eods (4.76)

Writing out the derivative then gives:

du 1 [dP. P d
1 dPs

_ o (1+h0:Ds8 + oy Dyd) + E_o > (hox Dy + hoyDy) ds (4.77)



60 CHAPTER 4. SYNCHROTRON RADIATION

The derivative of P; w.r.t. E can be rewritten as:

dprs 1 dBdx dBdy

The derivatives of the positions w.r.t. E are related to the dispersions through Eq.4.76
dx 1dx 1

GE B E_oDx (4.79)
dy 1dy 1
dE ~ Egds  Eq Dy (4.80)
Using the fact that B = | /B% + B, the derivatives of B w.r.t. x and y are:
9B B,dB, ByoB,
ox  Bor | Boax (451
9B By 0B, B,dB,
% Boy By (452
The magnetic field gradients are defined as:
0By, 9B, . yomoc
oy G= o kq (4.83)
an . aBy A ’)/OmOC_

Here, k; is the normalised normal quadrupole strength and k; is the normalised skew
quadrupole strength, both in units of 1/m?. In the following we neglect the skew
quadrupole component and we assume that for the closed orbit we can assume y =~
Yo, obtaining:

dPs 1 1 ympck

=5 —op,

dE E ' E Qo B?

The curvatures in Egs. (4.49), (4.50) and (4.52) can be substituded, which gives:

(ByDy + B:D )} (4.85)

dPS PS 1 1 kl

Substituting Eq. (4.69) gives:

dP; 4 2
5 = écroE')/3 M —k1 (h«Dx — h Dy)} (4.87)
Substituting this expression back in Eq. (4.74) gives:

dus 2 croE’y
dE ~ 3

h)? k
7{ { 21 4 e+ rogy) + E; (hxDx — hyDy) (1+ hoxx + hoyy)

2
+ |E—(h0xDx + hoyDy)} ds (4.88)
0
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The first term can be identified as I, again we assume that ho,x + hoyy < 1 and, as
stated above on the closed orbit we assume E/Ejy ~ 1. Hence, we can write:
dus 2

iE 2570’73 [212 +j{ {2](1 (hxDx — hyDy) + ‘h‘z(hoxDx + hOyDy)} ds} (4.89)

The last integral is identified as the fourth radiation integral, I4, given by:

Iy = 7{ {2k1 (hxDx — hyDy) + \h\z(hOXDx + hoyDy)} ds (4.90)
Hence we can write:
du.
dES 251’073(212—1—[4) (4.91)

The longitudinal damping rate is obtained by substituting this expression in Eq. (4.73):

1 3
fe = 110y
3 Trev

(212 + 14) (4.92)

4.3.1.3 Energy Spread and Third Radiation Integral

From Hofmann, the variance in the amplitude of a damped oscillator that is excited
by a short pulse ad(t) is given by [25]:

2\ _ 1 {a?)
<x > - (4.93)
Here, x is the deflection of the oscillator, 71 is the average rate at which excitation
occurs, a is the amplitude of the excitation and « is the damping rate of the oscillator.
For quantum excitation of the longitudinal emittance, we identify x as the RMS energy
dE, n1 as the average rate of photon emission, a as the photon energy and « as a., the
longitudinal damping rate. The normalised variance is then:

(aE?) A (E)
ST (4.94)

The rate of photon emission is given by:

o _ 60v/31ocQB

7 (4.95)
The variance in the photon energy is given by:
11 Q2?4 B2
2 = —_——
()= 52 a0

and the longitudinal damping rate is given by Eq. (4.92): Combining all these terms
leads to
(dE?) ~ 60v3113r0cQB Q°W*y*B* Cp 1
E2 72 124 h m3EZ  croy® 2 + 1y

(4.97)
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This simplifies to
(dE?)  55\3Q%myB3Cy 1 (4.98)
E? 9  m3E3 2D+ '
The curvature / can be substituted for B, which gives
(dE?)  55+/3hmgy*c*Cy KB (4.99)
E2 9% B2 2L+ '
Now averaging over the entire circumference of the ring gives
(dE?)\  55VBmy2Coc; 1 ds’ 553 hn? § 3 ds (4.100)
E2 /9 myc 2L+I 96 moc2L+14 '
ring
The integral in the numerator can be defined as
Iz = 7{ h]®ds’ = ]f |1]?(1 + hoxx + hoyy) ds (4.101)

This is the third radiation integral. This way, the energy spread becomes

2
<<dE >> _55V3hy? I (4.102)
ring

E% 96 moc2, + Iy

4.3.1.4 Transverse Damping Rates

The derivation in this section is valid for either x or y. To this end, u will be used
as a substitute for either x or y. The goal is to find the rate at which the transverse
emittance, €,, decreases. The emittance is given by

€, = ’yuu% + Zauuﬁul’g + ,Buu;sz (4.103)

Here, subscript B indicates that the betatron component of the coordinate value. The
total coordinates, u and u’ are a combination of the to betatron and an energy devia-
tion ¢ parts, that is

u=1upg+ug (4.104)
u = u;s + us (4.105)

When a photon is emitted, the coordinate does not change. This means that
du = dug +dus =0 (4.106)
The change in position due to an energy deviation is related to the dispersion through

dE dE
duy = D,dé = Dy— = —D,—2 (4.107)
Eo Eo
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Therefore

—

Eg
where dE, is the energy of the emitted photon. The angle is allowed to change due to
the photon emission, that is

duﬁ = —du5 = (4.108)

du’ = du;g + duj (4.109)

We want to express du’ in terms of the photon energy. To this end, assume that the
particle before photon emission is on-momentum, such that

uy = ug (4.110)
Following Hoffman we can write [25]:

dE
g —1tyg = dug = (ww - D’) E—O”Y (4.111)

Note that the emittance only depends on ug and ”;3- The change in emittance is:
de, =2 (fyuuﬁ dug + a, (ug du;s + u;g dug) + 'yuu% du%) (4.112)

Substituting Equations (4.108) and (4.111) gives

B dE, , dE, dE, ~ dE,
deu—Z{'yuuﬁDuE—oJrocu(—uﬁ (uﬁ_D)E_O+ ﬁD ) [Su ( _D>E_o
(4.113)
dE, ,
— —ZE— [((xuuﬁu’ﬁ + ﬁw%) — ('yuDuuﬁ + ocx(Duuk + Dyug) + ﬁMD;u’ﬁ)}
(4.114)

The instantaneous power radiated by a particle undergoing betatron oscillations can
be expressed as:
dP;

du

Using the chain rule for the derivative gives:

Py = Ps +

g (4.115)

dp; dP,dB P ( dB 9B, dB 9B, P, (. 9By 3B,
du  dBdu B <dBw ou ' dB, 8u) B? (Bw T ) (4116)

Here, w denotes the other component from u. That is, if u is chosen to be x, then
w = y and vice versa. As has been done in Section 4.3.1.2, % represents the skew

quadrupole gradients, whereas aaB . The
following step is similar as deriving Eq. 4.86, which results in

dP; P, = 0By hy,

E 32 —By—— = =2P;— ki k (4.117)
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The radiated power then becomes
iy k
Py =P |1+ th 1Up (4.118)
The energy radiated in a time interval ds’/c is then given by

/
dEl)/ — PS/dCS

1—1—2h

2 kluﬁ} dS

r3|<,’}ti <'a|m’ti n|v’§

hy
1 + 2ﬁk1uﬁ] (1 + h()uuﬁ) ds

hy
(hou + th k1> Ll‘B:| ds (4.119)

Here, only the u-component of hy was used, because we study betatron oscillations
only in the selected place. Furthermore, terms of second order in ug were neglected.
This result can be substituted back in Eq. 4.114, which gives

P, hy,
dew = -2, { (ho“ +2h2k1) ”ﬁ}
X [(“uuﬁu;g + ﬁuu'ﬁz> — <’yuDuu5 + Oéx(DuT/l/ﬁ + D;M,B) + ,BuD{ﬂ/l/ﬁ>] ds

(4.120)

Using the same reasoning as before, the odd terms average to zero. This means only
the even terms need to be kept. This results in

o Ps / 2
de, = —ZE { (auuﬁuﬁ + ,Buu[;)

hy
(hOu + th kl) (’y”D”u% T “x(D”uﬁu% + D;u%) + ﬁuDiluﬁbl%) ] ds

(4.121)
The averages of the squared terms are
< > - euﬁu (4.122)
<M/3MIB> = —%eu(xu (4.123)
<uﬁ> — 1eu'yu (4.124)

Substituting these averages gives

P 1 1
de, = _Zﬁ { (_Eo‘%eu + Eﬁu')’uﬂt)

hy 1 1 1 1

(4.125)
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Note that B,vu — tx%, = 1 and that the cross terms between «,, 8, cancel. This way, the
expression simplifies to

P, h
de, = —euE—; {1 — (hOM +2h—gk1) Du] ds (4.126)
To arrive at the change in emittance per unit time, we divide by Trey
de, Py h,
—— e, 74 e [1 (hOu n 2ﬁk1) Du} ds (4.127)
Finally, Eq. 4.69 may be substituted, which results in
de 2 croy?
= s (O:Z [hz - <h2h0u +2huk1) Du] ds (4.128)

Here, the second radiation integral is identified. Furthermore, the u-component of the
fourth radiation integral is found to be

Iy, = 7{ (hZhOu n 2huk1) D, ds (4.129)
Thus,
de, 2 crgy?
T (I — Isu) (4.130)
This is a first-order ODE, with a damping rate given by
2crgy?
= I —1 4.131
3G, (L — Iyu) (4.131)

Since the betatron amplitude is proportional to /€,, the 2 in the numerator disap-
pears. This leads to the damping constant

3
gy
=30,

(I — Igu) (4.132)

4.3.1.5 Transverse Equilibrium Emittances and the Fifth Radiation Integral

The derivation in this section is valid for either x or y. To this end, u will be used as a
substitute for either x or y. The change in betatron position and angle when a photon
is emitted, denoted by ug and u% respectively, are given by

OEy

6Ey
I

Here, JE is the energy carried away by the photon. The emittance before the emission
of the photon, €,, is given by

€1 = fyuu% + 2zxuuﬁu;3 + ,Buu'ﬁz (4.135)
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After the emission of the photon, the emittance has increased. The resulting emit-
tance, €, is

€u = vulup + Sup)? + 20, (upg + Sup) (up + dug) + Bu(ug + 5%)2
=€, +2 (’yuuﬁéuﬁ + ocu(uﬁéu;3 + u;sduﬁ) + ﬁuukéu;})
+ Yubug + 20, 6updug + Budug (4.136)
The change in the emittance is then
de, =€p—€,1 =2 (Wuﬁduﬁ + ocu(uﬁdu;g - u%duﬁ) + ,Buu%du@
+ ’yudu% + 21xudu/3du2; + [Sudu%2 (4.137)

Equations (4.133) and (4.134) can now be substituted. which results in

dE,\?
d€u = <’)/MD5 —+ 20(MDMD1/4 =+ ﬁqu) (E—O,y)

dEy

+2 (YumpDa + (gD} + Dy ) + ButD} ) E (4.138)

The terms that are linear in ug and u'ﬁ will average to zero over many photon emis-
sions. Hence:

(a5
(dey) = <7HD5 + 20, D, D), + ﬁuD{f) At (4.139)
0
To this end, we define H, as

Hy = yuD? +2a,D, D), + B,D}? (4.140)

Thus, the expectation on the change in emittance is

(423
(dey) = Hy 7 (4.141)

0

Now, Eq. 4.94 can be used, on the transverse coordinate [25]:

: EZ
=H =H 4.142

This gives a result, very similar to Eq. 4.99

_ 55V3hy? h3H,

N 4.14
<d€M> 96 mOC 12 — I4u ( 3)
Integrating over the entire ring gives
_ 55V3hy? 1 5 /
() = o me = I § HH, s
55v3hy? 1
~ % mzc L -1, j'{h%u (1+ hoyu) ds (4.144)
u
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Again we assume hg,u << 1. We can then define the fifth radiation integral, I5,, as
follows:

Is, = jq{ 1B3H, ds (4.145)

The expectation value of the emittance can be written as:

55v/3hy%  Is,
= 4.146
<€u> 96 mpcC 12 — I4u ( )
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Chapter 5

Synchrotron motion

We collect here some relevant properties and quantities of the longitudinal particle

motion.
Definition of momentum compaction factor:

o AC/C
s
Slip factor:
Afffo_, 1 _1 1
I

(positive above transition)
Slippage over a single turn:

Al = —PocAT = —poc(T — To) = —Poc (% = %0)
_ Boef 1\ PBocAf _ Pocs
T fo <1+Af/fo 1) — fo fo Ufo 1o

RF kick

AE = qVRF sin (27‘[thth + (PRF)

— qVRF sin (—27‘(th% + 47RF>

= qVgrsin (—ZﬂfRF% + (pRF)

from which:

AE qVRrre . 4 )
Bt ) 5
,B%EO ﬁ%EO sin ( nfRF,BoC + ¢rF

69

(5.1)

(5.2)

(5.3)

(5.4)

(5.5)
(5.6)

(5.7)

(5.8)
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5.1 Linearized motion

We expand around the fixed point Jo:

qVre . Co ) 27tq fReVRF ( Co )
Ap; = -2 e ——=(C— —2 =
e F2E, sin ( ﬂfRPﬁOc + ¢rF BEoc (€ — o) cos | —27fgr Boc + ¢rr
(5.9)
We call synchronous phase:
Ps = —27TfRF£ + ¢rF (5.10)
Poc
And we call
{=0-0 (511)
obtaining:
qVRr _. 271q freVRE £
Apr = sin ps — —5———_ cos (5.12)
ST S ”
We assume that that the energy deviation of the stable fixed point is zero:
zanRFVRF a
Apr ~o — “RE 5.13
Pz ,B?)E()C cos ¢sC ( )

5.2 Smooth approximation

Assuming that the slippage and the energy kicks are uniformly distributed along the
ring we have:

dp; _ Apg _ 2mqVir

s - C = ﬁSCEoc Cos ¢sC (5.14)

di _ A7 _

g - C e (5.15)
where we have used the approximation:

IL1=06~p; (5.16)

We derive the second equation and replace the first:

d?{ .

_C . 27Tq77fRFVRF cos (Psg —0 (517)

ds? ‘B(S)C Eoc
The motion is stable if

7 cos¢ps < 0 (5.18)
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In that case the solution is in the form:

{(s) = Asin (\/—w Cos ¢ss + B) = Asin (21Qss/C + B)

ﬁ%CE()C

where the synchrotron tune is given by:

_|_2mqnfreVRE C _ | qnfreCVgr
QS_\/ BACEqc COS‘PSZn_\/ onfiEc P

We replace

_ hrrBoc
fre = C

obtaining;

Qs = \/ — % COS (s
The solution can be written as:
{(s) = {4 cos (2Qss/C) + Bsin (271Qss/C)
Replacing in Eq. 5.15:

_2mQs
p; = 17C

Replacing s = 0:

(= asin (271Qss/C) + B cos (2Qss/C))

from which:

nC
“2n0. P = ~hebis

where we have defined:
_ nC
- 2rQs

Pt
Replacing
C(s) = ¢acos <27‘(Q5%> — pg B sin <2an%>

pe(s) = ba sin (27‘CQS%> + p¢, cos (27‘(Qs%>

71

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)
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5.3 Hamiltonian of the synchrotron motion

In this section we use the time in the laboratory frame as independent variable as
done in the PYHEADTAIL longitudinal treatment. In this section we also include the
effect of a reference momentum change of AP, per turn.

We assume small energy deviations, hence we can consider the coordinates (g, ) to
be canonically conjugate (6 < 1 =6 ~ py).

The longitudinal motion can be described by the following Hamiltonian:

2 PocAPy,.  qo 1 o Lo
H(Z,9) = 217,3 c6” + == C 7 POZZ thos( 27‘Chlc—|—¢1 (5.31)

This can be proven using Hamilton’s equations:

¢ 9H
it~ o5 Poco (5.32)
d5 _ 9H _ BocAPy | 4o Y, 5 ,

The coordinate change over one revolution is:

_dg C
_ 34
_ds C APO 4
STy R 5ocpo 2 Visin < amhic "’1) (5:39)

which are consistent with those found in Sec. 5.

5.3.1 Fixed points

The fixed points can be found by imposing Al = 0 and A = 0. If only a single
harmonic is present a closed solution can be found:

APQ q0
— +
Bocko
We want to get an exphc1t expression for (:

Apoﬁoc
qoVRr

VRE sin <—27‘(th% + (Pl> =0 (5.36)

= sin (—271’]’11{1:% + (])1) (5.37)
There are two families of solutions:

AP,
arcsin (ﬂ> + 207 = —27hge C 4 b (5.38)
go VR

Apoﬁoc

7T — arcsin
( qo VRE

> +2nm = —27T7’IRF 4 + ¢rE (5.39)

where 7 is an integer number. Depending on the sign of 77 Only one family of fixed
points is stable.



5.3. HAMILTONIAN OF THE SYNCHROTRON MOTION 73

We solve for (:
. C . Apoﬁoc
¢= 2rhge <<PRF arcsin < ToVar ) + 2n7r) (5.40)
C . APOIB()C) )
= + T+ arcsin (| ——— | +2nmw 541
¢ 27thgrE ((PRF ( g0 VRE (G41)

It is possible to set ¢rr to place a fixed point of either family in { = 0:

AP,
¢Rrr = arcsin < qﬁﬁg) (5.42)
¢rRp = 7T — arcsin (Aqfo—\}i?:c) (5.43)

It can be shown that, to have a stable fixed point in { = 0 one needs to use Eq.5.42
when 77 < 0 (below transition) and Eq. 5.43 when 77 > 0 (below transition).
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Chapter 6

Spin tracking and polarization

6.1 Spin tracking

This section is based on [28, 29].
The spin precession for a particle traveling in a magnetic field B can be written in
term of the precession angular velocity:

QBMT = — [(1 + Cl’)/)BJ_ + (1 + ﬂ)B||:| (61)

Bppart
where 4 is the anomalous magnetic moment and B| and B are referred to the veloc-
ity of the particle.

The precession angle for a particle traveling a path length / is given by:

¢ =[Ol (6.2)

We call: Q
w=-— (6.3)

1Qf

and we define:

tg = cos <£) (6.4)
2
fx = wy sin <§) (6.5)
—wosin(?
ty = wysin <2 (6.6)
ts = w; sin (%) (6.7)
The spin vector of the particle is transformed by the following rotation matrix:
(5 +t3) — (55 + 1) 2(tyty — tots) 2(tyts + toty)
M= 2(txty + tots) (F+1) — (5+1£) 2(tsty — toty) (6.8)
2(txts — toty) 2(tsty + totx) (+15) — (5 +17)

75



76 CHAPTER 6. SPIN TRACKING AND POLARIZATION

6.2 Linear transport matrix including spin

The coordinate vector including the spin is defined as:

X
Px
X
Y
Px
Py Sx
2=l z| Weaallzgw=|"Y |, zpm=|s 6.9)
Py
) Sz
s 4
¥ )
Sy
Sz

The corresponding 9D transport matrix can be written as

(Rorb 0)
R= (6.10)
D A

We call ey, . . ., eg the eigenvectors and Ay, ..., A9 the eigenvalues so that
Rei = Aiei (611)

From the definition of eigenvectors (doing the matrix product in blocks), we can write:

Rorb €iorb = /\iei,orb (6-12)
D €iorb 1 A €i,spin = Aiei,spin (6-13)
From this:
D €jorb = (/\iI - A) €i,spin (6-14)
€ispin = ()\iI - A)_l D € orb (6.15)

6.3 Invariant Spin Field - first order computation

This section is based on [30].
We expand the Invariant Spin Field [28] function to first order

n(zop) =no+ N (zorb — z&%) (6.16)

In the following we drop all the constant terms so we simply write n(2zop) = N2zgp.
We now call zipm the ISF at zi’rb, ie.

2P = NP (6.17)
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We call z; the coordinate after one revolution. By definition of the ISF, the spin part
of z; is the ISF at zgrb, ie.

2P = Nzg™ (6.18)

We know from the structure of the one-turn matrix:
25 = Ropp2y™ (6.19)
2P = D20 4 AP (6.20)

Combining, Egs. 6.18, 6.19 and 6.20, we obtain:
NRop2{™ = D20 + AN20™ (6.21)
We specialize it for the case zfrb = ei’rb obtaining;:
AMNeS™ = Def™ + ANeS™ (6.22)

From Eq. 6.12, we botain:
De?rb = Aleipm — Aeiloln (6.23)
Replacing into Eq. 6.12, we obtain:

(MI— A)NeS™ = (A1 — A)eP™ (6.24)
If (\I — A) is not singular:
Neg™ = e (6.25)
Combining this result for the six orbital eigenvectors:
(Nefl)rb ... Negrb) — (eipi“ c. eZPin) (6.26)
In matrix form: .
NEorb — Espin = N= Espin (Eorb> B (6.27)

We note that the last column of the matrix IN provides the derivative ‘é—’g which is
relevant for the computation of equilibrium polarization.

6.4 Equilibrium polarization and polarization time

This section is based on [30, 31, 32, 29, 33, 34].
In the presence of photon emission, the polarization of the beam evolves following

the equation:
t

P(t) = P(0)e i + Poq (1—¢ ) 6.28)
The equilibrium polarization and the buildup time can be computed as:

8 w_

Pog= —m— .
=5 Ba. (6.29)
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1 5V3rhy?
tot — g Me

Cay (6.30)

where, truncating to the first order the dependece of the ISF on the phase space coor-
dinates, we have:

1 ds 2. .., 11]on]?

1 ds o on
AL {’B (mo = WL (6:32)

The buildup time can be decompoesed in two terms:

TtO’fl pol + Tdepol (6.33)
where:
_ 5\/§r rehy® 1 ds 2 .
1 e 2
- = . 6.34
W= e f e (1 gt ] (639

1 5\/51’6?1')/51 ds |11 |9n 2
Tdepol = T8y, C lo(s)]® | 18 | 96

] (6.35)

6.5 Monte Carlo method for equilibrium polarization
This section is based on [32, 35].

We can define: ; R
8 § |p(ss)|3 [zB ) (nO)}s

Py = 5 (6.36)
V3§ e 1= 30 &),
The equilibrium polarization and the buildup rate can be written as follows:
1
Peq = P T (6.37)
Tdepol
Tiot = Tool + Taepol (6.38)

The term Tyepo1 can be evalated using particle tracking, accounting for quantum exci-
tation from synchrotron radiation. Unlike the approach used in the previous section,
this method accounts for the non-linear dependence of the ISF on the phase space
coordinates. Using Tdepol We can get from Egs. 6.37 and 6.38 estimates for Peq and Tiot
that include non linear effects.



Chapter 7

Coasting beams

In coasting beams different particles have different revolution frequencies, depending
on their momentum, particles perform a different number of turns in a given time.

If in the line we have collective elements which need to measure the beam distribution
at a certain location s and at a given time f, we need to ensure that all particles present
a s at the instant ¢ are present at the element.

We define for each particle and for any couple of positions s; < sy:

52 — 851

A 1
= 7.1
Blsrs2) = iy =iy @.1)
We choose an auxiliary value Bgim such that at all times:
B(s1,52) < Bsim for all particles and any sy, s, (7.2)
B(sq,80) > ‘Bszlm for all particles and any sy, s» (7.3)
From B;;,, we define an auxiliary time interval AT as:
L
AT = (7.4)
Bsim¢

At each “turn” n we want to simulate at any collective element the time frame F;(s)
given by:

Ea(s) = | Tu(s) — %, To(s) + 5 (7.5)
where: S
Tu(s) = nAT + Bt (7.6)

We can see that intervals are contiguous, hence at any locations over N turns we are
simulating a time interval of length NAT.

From Eq7.6 we can simply derive the following relations, which will be useful in the
following:

Tuy1(s) — Tu(s) = AT (7.7)
Ta(s2) = Tulsy) = 5— (7:8)
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We also note that the condition ¢(s) € F,(s) can be rewritten as:

AT AT
B AT S 2
2 ﬁsimc 2

We can prove the following propositions (see Sec.7.3):

(7.9)

Proposition 1: If the time #;(s1) defining the k-th arrival of a particle at location s;
falls in the frame F,(s1), then the particle arrives at location s, > s; either in the frame
Fu(s2) or in the following frame F,;1(s7). In symbols:

tk(Sl) € Fn(Sl) = tk(Sz) € Fn(SZ) U F,41 (Sz) forany sy < sp (7.10)

Proposition 2: If the time #(s;) defining the k-th arrival of a particle at location s,
falls in the frame F,(s2), then the time of (k + 1)-th arrival at any location s; < s, falls
in the frame F,;;1(s1) or in the following frame F,;1(s1). In symbols:

te(s2) € Fu(s2) = tkr1(s1) € Fuy1(s1) U Fyya(s1) forany sy < sp (7.11)

Proposition 3: If the time t;(L) defining the k-th arrival of a particle at the end of the
line falls in the frame F, (L), than the time t;,1(0) = tx(L) of the (k + 1)-th arrival of
the particle at s = 0 falls in the interval F,;1(0). In symbols:

te(L) € Fa(L) = tx11(0) € Fuy1(0) (7.12)

7.1 ( definition and update
For the tracking of coasting beams we define the longitudinal coordinate ( as:
¢ =s— Boc(t —nAT) (7.13)

where s is the distance from the start of the line for the present turn, t is the absolute
time since the start of the simulation, 7 is the index of the present simulated time
frame.

We can write t in terms of { as:

_ 5 & AT (7.14)

" Boc  Boc

With this definition the { coordinate needs to be updated each time the particle passes
at the start of the line since across the s = 0 we can write:

I~ =L — Boc(t — nAT) (7.15)
T =0—Boc(t— (n+1)AT) (7.16)

where t is the time at which the particle passes zero (which is the same in both equa-
tions).
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Combining the two equations we can write:
=0 — (L— PocAT) (7.17)

In standard simulations for bunched beams the simulated frame is AT = L/(Boc) ,
hence the { coordinate is continuous.

For coasting beams AT is given by Eq.7.4, hence the { needs to be updated at each
turn using;:

C*zé‘—L<1—ﬁf§n) (7.18)

We want to translate the condition Eq.7.9 into a condition on (. Replacing Eq.7.14
into Eq.7.9 we obtain:

AT s ¢ ) s AT
—— < | =— — == +nAT | —nAT — < — 7.19
2 (ﬁOC ,BOC ,Bsimc 2 ( )
We change signs:
AT s 4 s AT
—_— > -+ >+ > —— 7.20
2 Boc  Boc  BsimC 2 (7.20)
We rearrange:
AT 5 4 5 AT
—— < -+ >+ < — 7.21
2 IB()C [BOC ,BSimc 2 ( )
AT Bo AT
—Boc— —s({1-— —— 7.22
Boc > < s( ,Bsim) < Boc > (7.22)
from which we can write:
A A
teFy(s) < ——C<§—s(1— ﬁ0><—g (7.23)
2 ;Bsim 2
where we have defined:
AL = BocAT = Po | (7.24)
,Bsim

7.2 Handling particles jumping to the following frame

From Proposition 1 we know that during tracking particles will either stay in the
present frame or “jump” to the following one.
From Egs. 7.5 and 7.23, we know that the jump occurs when:

t>Tn(s)+% @§<—%+s(1—%) (7.25)

When this condition is met, the particle tracking needs to be paused for the remain-
der of the frame n (based on Proposition 1 it cannot go back to frame 1) and, based
on Proposition 2, its tracking needs to be resumed from the same location where the
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tracking was paused when tracking the following frame. As the frame index is in-

creased, ¢ needs to be updated to preserve the time of arrival:

gbefore jump = S — ,B()C (t — nAT)
gafterjump =s— Boc (t — (TZ + 1)AT)

from which we obtain:

gafterjump - gbefore jump + ﬁOCAT - Cbefore jump + AC

7.3 Proofs

We notice that from Eqs. 7.2 and 7.3 we can write

%>ﬁim ~ (%_ﬁim)>o

1

25 %<ﬁim ~ (%_ﬁ:im>

Combining the two we obtain

0< (%_ﬁim) <

Proof of proposition 1

By definition of ,3 we can write:

b (s2) = t(s1) + Szﬁfcsl
By the hypothesis:
be(s1) > Tu(sy) — %
hence:
B(s2) > To(s1) — % + 52/;651

Using Eq. 7.8 we can write:

sz—sl_£+sz—sl

te(s2) > Tu(s2) — bome 2 e

Rearranging:

<
,B sim

tk(Sz) > TH(SZ) - — 4+

AT S2 — 851 1 1
2 c

B(s) ﬁsim>

(7.26)
(7.27)

(7.28)

(7.29)

(7.30)

(7.31)

(7.32)

(7.33)

(7.34)

(7.35)

(7.36)
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Using Eq.7.31 and the fact that by hypotheses that s, > s1, we know that the last term

is positive. Therefore we can write:

AT

tk(Sz) > Tn(Sz) — 7

Similarly from the hypothesis we know:

AT
tk(Sl) < Tn(Sl) + 7

From Eq.7.32 we can write:

AT s, —3s
Be

Again, using Eq.7.8 we obtain:

— AT —
be(s2) < Tp(sp) — 251 01 4, 52791

A

,Bsimc 2 ﬁC
Rearranging:
AT  sp—9 < 1 1
te(s2) < Tu(s2) + — + — —
k( 2) n( 2) 2 c ﬁ(s) Bsim
Using Eq.7.31 we obtain:
AT sy —s1
te(s2) < Tu(s2) + — +
1(s2) < Talsa) + 5 + 5

Using the fact that s, — s; < L and Eq.7.4 we can write:

52 — 851 L

= AT
ﬁsimc ﬁsimc
Replacing in Eq.7.42 we obtain:
AT
tk(Sz) < Tn(Sz) + b3 + AT
Using Eq.7.7 we obtain:
AT

i’k(Sz) < Tn+1(32) + 7

Combining Eq.7.37 and 7.37 we obtain:

AT AT
Tn(Sz) — 7 < tk(Sz) < Tn+1(52) + 7

which is what we wanted to prove.

)

(7.37)

(7.38)

(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)
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Proof of proposition 2

From the hypothesis:
AT
ti(s2) > Tu(s2) — b3
As L > sy, using Proposition 1 we can write:
AT
k(L) > Tu(L) — >
Using Proposition 3 we can write:
AT
tk1(0) > Ty1(0) — >

Using the fact that s1 > 0, we can apply again Proposition 1, obtaining:

AT

i1 (s1) > T (1) = —-

which is what we wanted to prove.

Proof of proposition 3

By definition:
t11(0) = (L)

We know that t;(L) € F,(L) hence, from Eq.7.5 we can write:

AT
41 (0) > Tu(L) = —-
From Eq.7.6 we obtain:
AT L
tk+1(0) > nAT — 7 + IB —
sim
from Eq.7.4 we get:
AT
and from Eq.7.6 (with s = 0) we obtain:
AT
te1(0) > Tyi1(0) — 5

which is what we wanted to prove.

(7.47)

(7.48)

(7.49)

(7.50)

(7.51)

(7.52)

(7.53)

(7.54)

(7.55)



Chapter 8

Misalignments

8.1 Definitions

For defining the misalignments, we use the MAD-like coordinate system, where s is
the axis tangent to the reference trajectory at the entrance to the element, and x and
y are the transverse beam coordinates; the rotations do not follow the classical right-
handed approach: a positive ¢ rotation is clockwise when viewed from positive x
side, i.e., it goes from the s to the y axis, as opposed to from y to s.

A misalignment of an element is defined by:

* providing a reference point (anchor) along the element, specified as a number f,
representing a fraction of the total element length, and

* 6 coordinates specifying the misaligned reference frame in the coordinate sys-
tem described in Fig. 8.1, which will describe a transformation from the point
described by f in the normal frame, to the corresponding point in the misaligned
frame (see the figures in subsequent sections for visualisation).

Yy
A

-

X
Yo
> S

Figure 8.1: MAD-like coordinate system

For our calculations, we will represent the reference frame transformations using 4 x 4
augmented matrices. We shall assume the following notation convention: each matrix
M consists of entries from My (top left corner), through Mys (top right corner), to M3
(bottom right corner). In particular, we distinguish 4 basic transformations:
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1 00 x
010
T(x,y,s) == 4 (translation)
001 s
000 1]
10 0 0]
0 i 0
Ry(¢) := cos(g)  sin(¢) (rotation around the x axis)
0 —sin(¢) cos(¢p) 0
0 0 0 1]
[ cos(f) 0 sin(6) 0]
0 1 0 0 ) .
R, (0) := (rotation around the y axis)
—sin(f#) 0 cos(f) 0
0 0 0 1]
-cos(tp) —sin(y) 0 0]
i 00
Rs(¢) := sin(y)  cos(y) (rotation around the s axis)
0 0 10
0 0 0 1]

—

We allow the notation Ty (Ax) to mean T(Ax,0,0), and so on, for T,,(Ay) and T;(As).

8.2 Misalignment at arbitrary s without a tilt

We consider a potentially curved element misaligned with respect to an arbitrary po-
sition along its length.

M \I M1
" 1B Bios

Figure 8.2: Transformations for a curved element misaligned at an arbitrary s.

Assuming a curved element of length L that bends the reference frame by a (and
therefore a radius of curvature p = L/«), we can represent B as a combination of a
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translation and a rotation, B := T(Ax,0, As)R,(—«), where
Ax = p(cos(a) —1) = —Lsinc(a/2) sin(a/2), 8.1)

As = psin(a) = Lsinc(a).

Note, that the second formulations of Ax and As let us avoid division by zeroif &« = 0,
catering also to the case of a straight element for a truly general case.

Let us say that our element is misaligned at position AL along its length L. Then we
can decompose our reference-frame-bending transformation B into parts By and By ¢
so that B = B¢B; . The respective bending angles of the two parts are simply fa
and (1 — f)a, where f := AL/L = AL/(pa) and p is the curvature. Knowing these
parameters, it is trivial to construct By and By analogously to B, as shown in eq. 8.1.
Then, we compute the following transformation, which will take us from the normal
to the misaligned element entry frame:

My = BfTB;",
whereas for returning to the normal frame from the exit

BfTB;_sM; = B = BB;_¢,
My = (TBy ) "By =B [T 'By_y.

When evaluated, the matrix for the curved element in the general case is

cos (af) 0 —sin(af) p(cos(af)—1)
0 1 0 0
Bri=1 . .
sin(af) 0 cos(af) psin(af)
0 0 0 1 |
and so ~ .
cos(af) 0 sin(af) p(cos(af)—1)
s | 01 0 0
Fo —sin(af) 0 cos(af)  —psin(af)
0 0 0 1 |
Note that Bfo3 = (B;l)og = —Lfsinc(af/2)sin(af/2) and Bsp = —(BE1)23 =
Lfsinc(af).

Meanwhile, the misalignment matrix is (let sy := sin(¢), cy := cos(y), etc., for space-

saving reasons)

_—S(PSIIJSQ + CyCo —CySepSp — CeSy  CpSg x_

T— CopSy CopCy S Y
—CpSpSy — CypSe  —CyChSe + SySp CopCg S
] 0 0 0 1
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and its inverse, since T is a rigid affine transformation, can be computed with

. |RT —RTt| R t
T = , given =T.
0 1 0 1

For the conversion from My and M; to the basic tracking transformations, we can use

the decomposition, My = T (xo, yo,50) Ry (60) Rx(¢0)Rs(1po), for which the parameters
are as follows

6o = arctany (Mo 02, Mo22),

¢o = arctany (Mo 12, \/m )s

Yo = arctany (M 10, Mo11),

xo = Moy,03,
Yo = Mo 3,
so = Mop3,

and for the exit, My = T(x1,y1,51)Ry(61)Rx (1) Rs(¢P1),

6, = arctany (M gp, M1 22),

¢$1 = arctany (M 12, \/m)’

1 = arctany (M 10, M111),

x1 = Mj 3,
y1 = Mj 3,
$1 = Mj 3.

Note that many decompositions are possible, and their order can lead to more or less
clean closed formulae for the parameters; in this case, however, we do not expect any
‘nice” closed-form solutions (as opposed to the case of the subsequent section!) The
above decomposition corresponds to the following tracking sequence:

* (Mp:) XYShift(xg, yo), SShift(sp), YRot(6p), XRot(¢p), SRot(y),
¢ (B:) Element(L, «),

o (M;:) XYShift(x;, y1), SShift(s), YRot(61), XRot(¢1), SRot(yy).

8.3 Misalignment at arbitrary s (the straight case)

Analogously to the previous section, we split D into D¢D;_
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A X

R

\\T

Mo Ml

Figure 8.3: A straight element misaligned at an arbitrary location.

We simply have that D¢ := T(0,0, fL) and D;_s := T(0,0, (1 — f)L). To get to the
misaligned entry frame we have

My = DfTDfl = To(fL) T Ts(—fL),

whereas for returning to the normal frame from the exit
My =Dy LT Dy g = To((f —1)L) T™! To((1 — f)L).

It is intuitively obvious, that due to lack of curvature, the entry and exit transforma-
tions should be possible to simplify. Specifically, we would want Mj to involve some
translation followed by rotations Ry (68)Rx(¢)Rs(¢), and M;, since it ‘undoes’ the ef-
fect of My, into rotations Rs(—1)Rx(—¢)R,(—0) followed by some other translation.
First we decompose the entry matrix My = T(xo, Yo, 50)Ry(60)Rx(¢o)Rs (o), i.e. with
the same method as in the previous section. After some algebra we observe that the
angles and shifts indeed simplify:

6 = arctany (Mo 2, Mop2) = 6,
¢o = arctany(Mo,12, \/ MG 1o + MG 1) = &,

o = arctana(Mo,10, Mo11) = ¢,

xg = Tpo3 = x — Lf cos(¢p) sin(6),

yo = Toas =y — Lf sin(¢),

so = Top3 = s — Lf(cos(¢) cos() —1).

Let us now decompose the matrix M; into Rs(1)Ry(¢p1)Ry(61)T(x1,y1,51). To this
end, let us write separately as M,,; and M;, the rotation and translation part of the
above decomposition, i.e. let M;o; = Rs(91)Rx(¢1)Ry(61) and let My, := T(x1,y1,51).
In such a decomposition, the rotation part of M, is the same as that of M;, and
so we can simply extract it from there. Afterwards, knowing M,,; we can compute
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My = Ml Mj to get the shifts. We indeed observe the angles and shifts simplifying:

rot
01 = — arctany (M 20, M122) = —0,
Pp1 = — arctanz(M1,21, Mim + M%,ll) = ¢

1 = arctany(My 01, M111) = —,

x1 = My 03 = (f — 1)L cos(¢) sin(0) — x,

y1 = Mp13 = (f —1)Lsin(¢) —y,

$1 = My 23 = (f —1)L(cos(¢) cos(f) — 1) —s.

This way, our tracking procedure can be significantly less computationally expensive,
compare to that of the preceding section, as no matrix operations are required:

o XYShift(x — Lf cos(¢p) sin(6), y — Lf sin(¢))
SShift(s — Lf (1 — cos(¢) cos(0)))
YRot(6), XRot(¢), SRot(y),

Element(L),

SRot(—1), XRot(—¢), YRot(—0),
SShift((f — 1)L(cos(¢) cos(f) — 1) —s),
XYShift((f — 1)L cos(¢) sin(6) — x, (f — 1)Lsin(¢) — y).

8.4 Misalignment at arbitrary s with a tilt

We consider a tilted curved element misaligned with respect to an arbitrary position
along its length.

Figure 8.4: A tilted curved element misaligned at an arbitrary location.

Compared with the earlier discussion of misaligned curved elements (see Section 8.2),
when considering a tilted element, we need to include the tilting in our transforma-
tion B (which, as before, is decomposed as B;B;_ s in Figure 8.4).
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In order to include this effect we need to realise that in the previous case the curva-
ture of the reference frame was only applied in the s—x plane, whereas in the case of
Figure 8.4, it will be applied in the plane obtained by tilting s—x by some angle «.
Therefore, taking Bsy as the earlier transformation, i.e.,

[ cos (o) 0 —sin(a) p(cos(a)— 1)-
0 1 0 0
Bgy := ,
sin(a) 0 cos(a) psin(a)
0 0 0 1 |

and taking s, = sin(a), ¢, = cos(«), etc. for space-saving reasons, we can express B
as R;(x) Bsy Rs(—x), which evaluates to

(ca —1)2+1  (cy—1)cksy —cxsa p(cu — 1)k
(co —D)exsxy  (ca—1)s2+1 —sus¢ p(ca — 1)sk
CxSa SaSk Cu PSa

0 0 0 1

We can obtain the matrices By and B;_¢ by substituting fa and (1 — f)a for a in the
above. To obtain the tracking procedure in this case it suffices to follow the steps of
Section 8.2, substituting the new matrices.

8.5 Misalignment at arbitrary s with a tilt (straight case)

We can generalise the matrix of the above section to a straight case by recalling that
p(cos(a) —1) = —Lsinc(a/2)sin(a/2) and psin(a) = Lsinc(a). Then, we can see
that when a = 0, the matrix B of the preceding section simplifies to

(100 0
0100
001 L
000 1]

Bla—o = = T,(L) = D.

This means that the effect of the roll is disregarded in the calculation of the reference
frame change for the purposes of a misalignment, and, therefore, that we can apply
the exact procedure outlined in Section 8.3 also for tilted elements. This makes intu-
itive sense, as, in our setup, the tilt indeed only affects the direction of curvature of the
element: if the element is straight, there is no work to be done for the misalignment,
and the element map alone fully describes the effect of the tilt on the particles.

8.6 S Shift - correction

In the tracking procedures shown in the preceding sections, we use the tracking map
we refer to as an SShift, which we use to transport the particles in a straight line by a
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displacement in s. We can presume the SShift to be a variant of DriftExact, however
there are special considerations that we need to take here, with respect to the path
length s and the delay ¢ of our particles.

AX

y®

Figure 8.5: Visualisation of the s-coordinate transformations without correction.

In the visualisation in Fig. 8.5 we can see the different s-coordinate updates taking
place when we track through a misalignment: in particular, we can see that the total
path of the particle travelled, should SShift be simply a drift, is As = Asg + L 4 Asj.
Clearly, Asy # —Asj, and so the path length changes between the aligned and mis-
aligned element. However, what we desire is the opposite, i.e. that the path length
does not change: it is inconvenient to have the length of our accelerator change due
to a misalignment. Therefore, the simplest correction we can make in this instance is
to disregard the update of the s coordinate in our drift/s-shift.

A further correction needs to be made with respect to the { coordinate. Since ( is
related to the path length by { = s — Boct, and since, in our setup, the synchronous
particle arrival time is not expected to change between the normal and misaligned
entry to the element we expect that Al = As between those two points. However, as
we have already established for our correction of s, we expect the s coordinate to be
unchanged, so we can adjust { in exactly the same fashion as we do s:

SShift(As) := (DriftExact(As), s <+ s—As, { <« {—As).

8.7 Other notes

The rotation direction conventions differ between the MAD-X survey coordinate sys-
tem and the beam coordinate system, in that the y-rotation of the beam is opposite to
the one described by YRot in the tracking procedures above. This sign difference is
taken into account in the Xsuite implementation.



Chapter 9

Space charge and beam-beam forces

9.1 Fields generated by a bunch of particles
We assume that the bunch travels rigidly along s with velocity Boc:

p(x,y,5,t) = po (x,y,5 — Boct) (9.1)
J(x,y,5,t) = Bocpo (x,y,5 — Boct) s (9.2)

We define an auxiliary variable { as the position along the bunch:

¢ =s—Boct. (9.3)

We call K the lab reference frame in which we have defined all equations above, and
we introduce a boosted frame K’ moving rigidly with the reference particle. The co-
ordinates in the two systems are related by a Lorentz transformation [?]:

ct’ = o (ct — Bos) 9.4)
X =x (9.5)
y =y (9.6)
s" = 70 (s — Boct) = 10 (9.7)

The corresponding inverse transformation is:

ct =g (ct’ + Bos’) (9.8)
x =x' (9.9)
y=y (9.10)
s =70 (s" + Boct') (9.11)

The quantities (cp, Jxr Jys ]s) form a Lorentz 4-vector and therefore they are trans-
formed between K and K’ by relationships similar to the Egs. 9.4-9.6 [?]:

N =0 [ep (x () £ (¢, 8)) — BoJs (x (v, ) £ (¢, #))] 9.12)

o’ (
J: =0 [Js (x (2, )t (1)) — Bocp (x (v, t') £ (x',1))] (9.13)

(

r’,t
r’,t

93
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where the transformations r (1’,#') and t (r’, ') are defined by Egs. 9.8 and 9.11 respec-
tively. The transverse components ], and J, of the current vector are invariant for our
transformation, and are anyhow zero in our case.

Using Eq. 9.2 these become:

o (v, f) = WLP (c (e, )t (2, 1)) 9.14)
0
JL(x,t) =0 (9.15)
Using Egs. 9.1 and 9.8-9.10, we obtain:

o (x",y,s(s", 1), t(s', 1) = po (X', 1/, s(s", ') — Boct(s', 1)) (9.16)

From Eq. 9.7 we get:

/
s(s',t') — Boct(s',t') = % (9.17)

where the coordinate ' has disappeared.
We can therefore write:

1 s/
"(x',y, s ) = — (x’, ’,—) 9.18
o' (x,y, s t) ol (9.18)

The electric potential in the bunch frame is solution of Poisson’s equation:

2 ! 2 0/ 2 b/ I(ad o o
ox'? aylz Js'? o
From Eq. 9.18 we can write:
824)/ 824)/ 824)/ 1 , S/
=—— — 2
ox2 + oy + D52 'YOgOpO <x Y ,)/0) (9.20)
We now make the substitution: .
s
= — 9.21
¢ - (9.21)
obtained from Eq. 9.7, which allows to rewrite Eq. 9.20 as:
az / az / 1 az / 1
e T = (vy,0) 922)

0 o T2 T et

aulrr

Here we have dropped the
by the Lorentz boost.

sign from x and y as these coordinates are unaffected

The quantities (%, Ax, Ay, As) form a Lorentz 4-vector, so we can write:

¢ = 70 (¢' + BocAL) (9.23)

/

A=A+ ol (9.24)
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In the bunch frame the charges are at rest therefore A} = A = A{ = 0 therefore:

¢ = Yo’

.9 Bo
As—,BOF—%(P

Combining Eq. 9.25 with Eq.9.22 we obtain the equation in ¢:

?¢p PP 1 09% 1
dx2 + ayz + ,y_%agz - _apo (x/y/C)

9.1.1 2.5D approximation
For large enough values of g, Eq. 9.22 can be approximated by:

0%p  9%¢
%2 + W = —apo (x,y,0)

(9.25)

(9.26)

(9.27)

(9.28)

which means that we can solve a simple 2D problem for each beam slice (identified

by its coordinate ().

9.1.2 Modulated 2D

Often the beam distribution can be factorized as:

po(x,¥,0) = qoro(0)pL(x,y)

where:

/pl(x,y) dxdy =1

and Ag(z) is therefore the bunch line density.
For a bunched beam:

/Ao(z) dz=N

where N is the bunch population.
In this case the potential can be factorized as:

¢(x,y,0) = q0A (D) p L (x,y)

where ¢ (x,y) is the solution of the following 2D Poisson equation:

Pp, ¢, 1
52 T 92 T (x,y)

(9.29)

(9.30)

(9.31)

(9.32)

(9.33)
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9.2 Lorentz force

We now compute the Lorentz force on the particles moving in the longitudinal direc-
tions, including particles of the bunch itself (space charge forces) and particles of a
colliding bunch moving in the opposite directions (beam-beam forces). The angles of
such test particles are neglected as done in the usual thin-lens approximation. There-
fore the velocity of a test particle can be written as:

v = Bcis (9.34)

The Lorenz force can be written as:
8A
F = ( V¢ — +[5c1s (VXA))

( ¢—foatls+,3c1s (VXA))

(9.35)

We compute the vector product:

_ [0As  0Ax\: dAs  JAy) .
><(VXA)_(E)x as)‘”(ay_? ly

- aAS_an i, + aAS_% i, + %_% g
o\ ox ds ) " Ay os )Y s 9 ) (9.36)
-0
0A
= VA — N
We replace:
_.(_ Bo 9 550 9¢e
F=g ( V¢ — o at is + BBV — as (9.37)

The potentials will have the same form as the sources (thls can be shown explicitly
using the Lorentz transformations):

¢(x,y,5t) =¢ (x yt ,50C) (9.38)
For a function in this form we can write:
g—f a% —%%—f (9.39)
obtaining:
F = ( vo+ L0 52 i+ ppovg - EF0 g‘g’) (9.40)
Reorganizing:
F=—q(1-BBo)Ve— Polf —po) a(PA (9.41)

Yo aC
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Writing the dependencies explicitly:

Feloy, () = —q(1 ~ BBo) 22 (x,, (1) 9.42)
Fy(x,,2(8)) = —q(1 - ﬁﬁo@—ff’(x,y,cu)) 9.43)
E(xy,0(0) = —q (1 B W) %(x,y,at)) (9.44)

where {(t) is the position of the particle within the bunch.

9.3 Space charge

Over the single interaction we neglect the particle slippage!:

B = Po (9.45)
ct)=¢ (9.46)
This gives the following simplification of Egs. (9.42) - (9.44):
0
Ry, 0) = —q(1— B) 50 (x,0,0) 947)
0
Fy(x,y,0) = —q(1 - ﬁ%)%(w/é) (9.48)
0
F(xy,0) = —q(1 - ﬁ%)%(x,y,é’) (9.49)

In this way the force over the single interaction becomes independent on time and
therefore we can compute the kicks simply as:

AP = L F (9.50)

Boc
where L is the portion of the machine on which we want to compute the e-cloud
interaction.
The kicks on the normalized momenta can be expressed as (recalling that Py = moBo7yoc):

_ mgAP,  qL(1—pBg) o9
Apx =", Py myoBic? ox (xy,¢) ©-31)
_ moAPy  qL(1—Bj)9¢
AP}/— m PO - m’Yo‘B(Z)CZ ay (x,y,é) (952)
mo AP, qL(1— Bg) 3¢
A6~ Ap, = — = — — (x,v, 9.53

In any case one would need to take into account also the dispersion in order to have the right
slippage.
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If the beam includes particles of different species (tracking of fragments), note that
here g and m refer to the individual particle while m is the mass of the reference

particle.

In the modulated 2D case (see Sec.9.1.2 and in particular Eq.9.32), the kick can be

expressed as:

_ mgAPy _ qqoL(1— Bj) a1

AP =Ry 0P Ao(8) == (%) (9.54)
mo APy qq0L(1 — pBp) 0P |

My =B T T e 00 Sy () (9.55)
mo AP, qqoL(1 — B3) dAg

Ao Apz =7 P pm = - , 9.56

TR o dg &L (y) (.56)

In some cases, for example in the case of transversely Gaussian beams, an analytic
closed form exists for the quantities a‘m and % but not for the potential ¢ L itself.

In those cases, in order to compute the longitudinal kick, it is possible to obtain a
function ¢, (x,y) generating the same transverse kicks by computing numerically the
integral:

_ Opra | 991s
puto) = [ (Bt 2, ) e ©.57)
9.4 Beam-beam interaction (4D model)
We consider a test particle moving in the opposite direction with velocity:
vy = —Bowcis (9.58)
sw(t) = —Bowct (9.59)
Equations (9.42) - (9.44) become:
0
Ful, 9, 4w (1) = —4(1+ Bowpos) 52 (4,1, (1) (9.60)
8
By, 4w (1)) = ~a(1+ BowBos) 5 (9, Ew (1) 9.61)
Fu (o, (1) = —q (1+ owpos — P EP) B ) 06

where we have used the the subscript S (strong) for the bunch generating the fields,
and the subscript W (weak) for the test particle.
Cw (t) is the position of the test particle within the bunch generating the fields:

Cw(t) = sw(t) —(Bow + Bos)ct (9.63)

— Bosct =
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In modulated-2D case (Eq. 9.32), Egs. (9.60) - (9.61) become:

ey, G (1)) = — a0 (1 -+ Bowpos) Aas (w () 22 (x,y) 9.64)
Ryl 9, Q) = —aqos(1-+ BB s Ew () S x,) 9.69)
F.(x,y,Cw(t)) = —qqos (1 + BowPos — ﬁOS(ﬁO,V:O—F ﬁOS)) d;\gos Cw(t)¢L(x,y)
(9.66)
The change in momentum for the test particle is given by:
AP = / TOr 9.67)
Therefore:
+00
APx(x,y,Cw(t)) = —qq0sNs(1 +[30w[305)a¢ (x,y) Aos(Cw(t)) dt (9.68)
9 oo
APy (x,y,Cw(t)) = —qq0sNs(1 + BowPos) (Py (x, y)/ Aos(Qw(t)) dt (9.69)
APy, G(1)) = ~aos (1+ Prwpos — PEPUCEPI) ) () [ 2208 1))
(9.70)
Using Eq. (9.63) and Eq. (9.31) we can write:
[ hes@wenar= o [ s@dg = N o)
o0 (Bow + Bos)c /oo (Bow =+ Pos)c
Similarly, for a bunched beam:
T dAgs 1 e dAgs Aps(400) — Ags(—00)
/—oo g g ) ~ (Bow + Pos)c / o Al #= (Bow +Bos)c °
(9.72)
From which we can write:
_moAPy  gqosNs (14 BowPos) 0P
AP = S B T mBowyowe (Bow + fos) 0% (x,y) (9.73)
_moAPy  gqosNs (1 + BowPos) 0P
APy =S Py mBowyowe® (Bow + Pos) Ay () Sk
Ap, = %APIS 20 (9.75)
9.5 Longitudinal profiles
9.5.1 Gaussian profile
The profile is in the form:
N _(z—2g)
Ao(z) = e 27 (9.76)
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9.5.2 g-Gaussian

The profile is in the form:
N
Nofz) = VB, (~B(z —20)?) 9.77)
where e, is the g-exponential function:

eq(x) = [14 (1 —q)x]}” (9.78)

C, is a normalization factor dependent on g alone:

_ Y (a)

C, = (9.79)
1
va=Tr ()
The parameter beta defines the standard deviation of the distribution:
o= _ — B= _ (9.80)
B(5—3q) (5 —3q) '
These expressions are valid for values of the parameter g is the range of interest:
5
1<q<j (9.81)

In general the g-Gaussian is defined outside this range, but for smaller values it has
a limited support (not of interest) and for larger values has a not defined standard
deviation.

9.6 Beam-beam interaction (6D model, Hirata method)

This chapter describes in detail the numerical method used for the simulation of
beam-beam interactions in the weak-strong framework using the “Synchro Beam Map-
ping” approach [36, 37]. This allows correctly modeling the coupling introduced by
beam-beam between the longitudinal and transverse planes. The goal of this doc-
ument is in particular to provide in a compact, complete and self-consistent manner,
the set of equations that are needed for the implementation in a numerical code. Com-
plementary information can be found in [38], including graphical representations of
the procedure presented in this note and several validation tests.

The effect of a “crossing angle” in an arbitrary “crossing plane” with respect to the
assigned reference frame is taken into account with a suitable coordinate transforma-
tion following the approach described in [36, 6]. The employed description of the
strong beam allows the correct inclusion of the hour-glass effect as well as the linear
coupling at the interaction point, following the treatment presented in [6].

If not differently stated in an explicit way in the following, all coordinates are given in
the reference system defined by the closed orbit of the weak beam, which is traveling
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with positive speed along the s direction. The Interaction Point (IP) is located at s=0
and the crossing plane is defined by as the angle that the strong beam forms with the
s-axis. In the presence of an offset between the beams (separation), the orientation of
the reference system is defined by the closed orbit of the weak beam and the system is
centered at the IP location as defined for the strong beam. Therefore the strong beam
passes always through the origin of the reference frame.

9.6.1 Direct Lorentz boost (for the weak beam)

We want to transform the coordinates by moving to a Lorentz boosted frame in which
the collision is head-on (i.e. px = p, = 0 for the strong beam and for the reference
particle of the weak beam). We call ¢ the half crossing angle and « the angle that the
crossing plane makes with respect to the x — z plane. For this purpose, we perform a
transformation which actually includes four operations (more details can be found in
Appendix 9.6.6.1 and in [38, 6]):

¢ Transform the accelerator positions and momenta into Cartesian coordinates
(which can then be Lorentz boosted);

* Rotate particle coordinates to the “barycentric” reference frame;
e Perform the Lorentz boost;

e Dirift all the particles back to s = 0 (as not all particles with s = 0 are fixed points
of the transformation, and we are tracking with respect to s and not with respect
to time).

We name the original accelerator coordinates (as defined in the SixTrack Physics Man-
ual [39]):
(x/ px/ ]// py/ 0/ 5) (982)

and the transformed coordinates:

(x*, po Y, p;, o, (5*) (9.83)

We start by computing the drift Hamiltonian in the original coordinates (we are doing
a Lorentz transformation, therefore constants matter as we are assuming that h is the
total energy of the particle):

h=5+1—/(1+87—p2—p2 (9.84)

We transform the momenta:

«_ Px tan ¢

Py = —coscp h cos acos<p (9.85)
x py . . tal’l(P

py = cos ¢ hsmszOS(P (9.86)

6* = — pycosatand — pysinatang + htan? ¢ (9.87)
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In order to calculate the angles in the transformed frame, we evaluate:

pi = (162 - p2— py? (9.88)

We can now evaluate the following derivatives of the transformed Hamiltonian (from
Hamilton’s equations it can be easily seen that these are the angles in the boosted
frame):

hy = == (9.89)
toopr pr
hy = Bh* = P_z (9.90)
dIpy P
. Oh* 0 +1
h; = =5 = 1-— o (9.91)
These can be used to build the following matrix:
(14 hicosasing) hy sinasin ¢ cosa tan ¢
L= hy cos asin ¢ (1 + hy sina sin 4)) sin « tan ¢ (9.92)
h}; cos a sin ¢ h}; sina sin ¢ Cols¢
which can then be used to transform the test-particle positions:
x* x
yv | =L|y (9.93)
o o

9.6.2 Synchro-beam mapping

Following the approach introduced in [36], the strong beam is sliced along z. A com-
mon approach is to use constant-charge slices (see Appendix 9.6.6.2). For each particle
in the weak beam and for each slice in the strong beam we perform the following.

We identify the position of the Collision Point (CP):

s=2 "% (9.94)
2

Here ¢* is defined in the reference system of the weak beam ( ¢* > 0 for particles at
the head of the weak bunch) while ¢} is defined in the reference system of the strong
beam ( 0} > 0 for particles at the head of the strong bunch). S is the coordinate
of the collision point in the reference system of the weak beam (from Eq. 9.94, we can
see that particles at the head of the weak bunch, collide with particles at the tail of the
strong bunch at S > 0).
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N.B. Here we are making an approximation since we are assuming that particles are moving
at the speed of light along z independently on their angles. This means that the presented
approach works only for small particle angles. It is for this reason that we need to Lorentz
boost to get rid of the crossing angle and we cannot just move to the reference of the strong
beam using a rotation (in this case the weak beam would have large angles).

We now evaluate the transverse position of the particle at the CP, with respect to the
centroid of the slice, taking into account the particle angles :

X" =x"+ piS — (xg — piaS) (9.95)
YV =y +p,S— (va—pryaS) (9.96)

=
I

Here x3j, y5, py g and p;  are defined in the coordinate system of the weak beam. The

momenta of the strong slice appear with a negative sign since in the weak frame the
strong slice is travelling "backwards".

9.6.3 Propagation of the strong beam to the collision point

The distribution of the strong beam in the transverse phase-space can be written using
the X-matrix [12]:

Fy) = foe 7= 9.97)
where:
X
y = ’; . (9.98)
Py

Points having same phase space density lie on hyper-elliptic manifolds defined by the
equation:

7271y = const. (9.99)

Further considerations on the ~-matrix can be found in Appendix 9.6.6.3.

We transform the YX-matrix at the Interaction Point to take into account the Lorentz
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Boost:

) =39 (9.100)
1 =30,/ cos¢ (9.101)
¥ =3, (9.102)
25 =59,/ cos ¢ (9.103)
Y59 =29,/ cos? ¢ (9.104)
Y39 =39,/ cos ¢ (9.105)
224 =9,/ cos? ¢ (9.106)
i =33, (9.107)
234 =¥,/ cos¢ (9.108)
¥ =39,/ cos? ¢ (9.109)

(9.110)

We transport the position part of the boosted X-matrix to the CP (here we are taking
into account hourglass effect, assuming that we are in a drift space):

i =X 42208 + 23982 (9.111)
Yy = XA 423595 4+ 33082 (9.112)
iy = i+ (Zi)+259) 5 + 23882 (9.113)

The Y-matrix is given in the reference system of the weak beam.
For singular cases we will also need to transport the other terms:

=X+ 2398 (9.114)

=204+ 2308 (9.115)
222 =339 (9.116)
Yis = 59 4+ 2338 (9.117)
5 =23 (9.118)
i =230 4+ 210 (9.119)
i =2 (9.120)

We introduce the following three auxiliary quantities:

R(S) =X, — 54, (9.121)
W (S) = T4, + 2, (9.122)
T (S) = R? 445357 (9.123)
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The following derivatives will be needed in the following:

?TI; =2 (=0, - 28) +25 (2% - =) (9.124)
aa_vsv =2 (2(1)2 + Zg4> +25 (Zgz + 224) (9.125)
8553 = 29, + 295 +2%5,5 (9.126)
3—? - 2R?)_1; +8%p a§§3 (9.127)

We will now compute, at the location of the CP, the coupling angle 0, defining a ref-
erence frame in which the beam is decoupled. We will call £ and  the coordinates in
the decoupled frame and £}, 2%, the corresponding squared beam sizes. The angle 6
is defined as the angle between the £-axis and the x-axis.

These quantities can be found by diagonalizing the x — y block of the X-matrix. We
will make determination choices (Egs. 9.130, 9.133 and 9.137) so that the set (6, 21‘1, 2§3)
is uniquely defined and the coupling angle 6 lies in the interval:

s T

—— << — 9.128
4< <4 ( )

Different cases need to be treated separately:

Case T>0, |Zi‘3}>0

We evaluate the coupling angle at the position of the CP in the boosted frame:

X X3
cos 20 = sgn (£]; — X33) 1 233 (9.129)
* * * 2
\/(211 —X5)" 4%y
Or more synthetically:
R
cos26 = sgn(R)— 9.130
In the following we will need also the derivative of this quantity:
d oR 1 R oT
— [cos260] = sgn(R) | == - — (9.131)
d d 30
S SVT 5 ( \/"__r> S
It can be proved that [6]:
1
cosf = \/E (14 cos20) (9.132)

sinf = sgn(R)sgn(Zi},)\/% (1 — cos20) (9.133)
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The corresponding derivatives are given by (see Eq. 2.64 in [?]):

1 0
35 cos 0 =~ Tcos0 S cos 20 (9.134)
. d
g sinf = — mg cos 20 (9135)

The squared beam sizes in the rotated (un-coupled) boosted frame are given by:

g _ 1 v \2

X = 5 [(ZE + X33) +sgn (X7 — X33) \/(211 —X3)" + 421532] (9.136)
3 1 * % \2 *

X5 =5 {(ZTI +X33) —sgn (X1 — L33) \/(211 —35) 42132] (9.137)

Equation 9.137 can be written in a compact form as:

- 1
£h =5 (W +sgn(R)VT) (9.138)
1, = % (W —sgn(R)VT) (9.139)
The corresponding derivatives, which will be needed in the following, are given by:
J (e 1 (oW 1 0T
= X1 =3 57 — 14
J (e 1 (oW 1 oT
el =2 (22— = 141

Case T>0, |Zi‘3}=0:

The treatment of the previous case is still applicable with the exception of Eq. 9.135
in which the denominator becomes zero. This happens when X7,=0, which implies
VT = |R| and therefore cos20 = 1. The case T = 0 will be treated separately later,
therefore here we can assume |R| > 0. We can expand with respect to Xj;/R obtain-

mg:

R 1 1 X2
cos 20 = | | = = ~ — ~1-2 1%?2’ (9.142)
2 * * 2
VR + 45, \/1+421%—3 14253
Replacing these result in Eq. 9.133 we obtain:
3 3
sin® = sgn(R)sgn(Xj3) %55 =13 (9.143)

Rl R
We call S the location at which %], = 0. At this location we define the auxiliary
quantities:

c =54, + T (9.144)
d=%3, (9.145)
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We introduce AS = S — Sp and we can write using Eqs. 9.111-9.113:

Y5y = cAS + dAS? (9.146)
By taking the derivative of Eq. 9.143 and using Eq. 9.146 we obtain:
J ., 1 oR 2
35 sinf = 72 (c+2dAS)R — 35 (cAS +dAS )1 (9.147)
In the implementation we need only the value for AS=0, which is simply given by:
% sinf = % (9.148)

Case T=0, |c|>0

Special care has to be taken at sections Sy at which XJ; = 23, and 2], = 0 as Egs. 9.130
and 9.141 cannot be evaluated directly. Also in this case we define:

AS =S5 — Sy (9.149)
At the location of the apparent singularity (AS=0) we define the auxiliary quantities:
a=X], — Ly (9.150)
b=X3—Xy (9.151)
c=X]y + X5 (9.152)
d=x (9.153)
and therefore, using Egs. 9.111-9.113, we can write:
R = 2aAS + bAS? (9.154)
Y5 = cAS + dAS? (9.155)

With these definitions the function T (defined by Eq. 9.123) can be expanded around
AS = 0 (using the Egs. 9.111, 9.112, 9.113):

T = AS* |20+ bAS) + 4 (c + dAS)’| (9.156)

Replacing Eq. 9.156 in Eq. 9.130 allows removing the apparent singularity:
|2a 4 DAS|

cos 20 = (9.157)
V(204 bAS)? + 4 (c + dAS)?
This can be derived obtaining;:
d b
35 [cos 20] = sgn(2a + bAS)
V(204 bAS) + 4 (c + dAS)?

(2a + bAS)(2ab + b*As + 4cd + 4d%AS)

<\/(2a +bAS) +4(c+ dAS)2)3

(9.158)



108 CHAPTER 9. SPACE CHARGE AND BEAM-BEAM FORCES

Similarly, replacing Eq. 9.156 in Eq. 9.139 we obtain:

gr =N %Sgn <2aAS + bASZ> AS| /(20 +bASY +4(c+dAS)?  (9.159)

2
" W 1
£ = 5 — 5580 (2aAs + bASZ) AS| /(20 +bASY +4(c+dAS)?  (9.160)

This can be derived obtaining:

ey, 10W

=5 [B11] =555 + %Sgn <2aAS + bASZ> sgn(AS) W(za +BAS)? +4 (c+dAS)?

A8 (2ab + b*As + 4cd + 4d>AS) ]

V(20 +bAS)? +4 (c + dAS)
(9.161)

o (23] :%%_vg/ - %sgn (2085 + bAS?) sgn(AS) [\/ (20 + bAS)? + 4 (c + dAS)?

LAs (2ab + b*As + 4cd + 4d>AS) ]

V(20 +DbAS)? + 4 (c +dAS)?
9.162)

In the implementation only the values at AS=0 are needed. For this case the obtained
results above can be simplified as:

24|
c0s20 = ———— 9.163
2va? + c2 ( )
0 b a(ab + 2cd
38 [cos 20] = sgn(2a) N ( )3 (9.164)
as+c 2(\/a2—|—c2>
R W
Y= > (9.165)
R W
Yoy = > (9.166)
0 e 1o0W
33 [211] =535 T sgn(2a)/ a% + ¢? (9.167)
0 e 10W
g [233] :zg — Sgn(Za) \V/ a2 + C2 (9168)

Egs. 9.133 and 9.135 can still be used to evaluate sin 8 and cos 6 and the corresponding
derivatives, once we assume that sgn(0) = 1 and noticing from Egs. 9.154 and 9.155
that for small AS:

sgn(R)sgn(Xj;) = sgn(a)sgn(c) (9.169)
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Case T=0, c=0, |a|>0

The treatment of the previous case is still applicable with the exception of Eq. 9.135 in
which the denominator becomes zero.
For this case we can write (from Eq. 9.157) around the point where this condition is

verified: ) o
1 2d°AS
cos 20 = ~l-—— (9.170)
14 442782 (2a + DAS)
(2a+bAS)*

We notice from Eqgs. 9.154 and 9.155 that for small AS:
sgn(R)sgn(X];) = sgn(a)sgn(d)sgn(AS) (9.171)

Replacing Eq. 9.170 and 9.171 into in Eq. 9.133 we obtain:

. dAS bAS
sinf = o 1-— o (9.172)
which can be derived in AS = 0 obtaining;:
J . d

The case in which also d = 0 is (or is equivalent to) the uncoupled case as X5 is zero
for all S.

Case T=0, c=0, a=0

Around the apparently singular point we can write:

R = bAS? (9.174)
X1, = dAS? (9.175)
Therefore:
T =54 (b2 + 4d2) (9.176)
and: )
c0s20 = ——— 9.177
Vb2 + 442 G177)

which is a constant. Egs. 9.133 and 9.135 can still be used to evaluate sin 6 and cos ¢
while the corresponding derivatives vanish:
This can be derived obtaining;:

0
35 cosf =0 (9.178)
9 sinf =0 (9.179)

dS
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Replacing a = ¢ = 0 into Eq 9.160 we obtain:

$x zg + %sgn(b)ASZ\/bz 4 (9.180)
33 zg ~ %sgn(b)ASzx/bz + 4d2 (9.181)
and:
d s 1OW
=5 5] =555 (9.182)
d 19w

o¢ (23] =555 (9.183)

The case in which also d = 0 is (or is equivalent to the uncoupled case) as X5 is zero
for all S.

9.6.4 Forces and kicks on weak beam particles

The positions of the weak beam particle in the un-coupled boosted frame are given
by:

X =X*cosf+ 7" sinf (9.184)
?* = —Xx"sinf + y* cos 6 (9.185)
In the following we will also need to evaluate:
d [ak _ox” . 0 Iy . 0 .
35 [x (9(5))} =33 cosf + X 35 [cos 0] + TS sinf +y 35 [sin 6] (9.186)
9 [~ X" . .0 . Iy . 0
35 [y (0(5))} =753 sinf —x 35 [sin 0] + 33 cosf + 7 35 [cos 6] (9.187)

In this boosted, rotated and re-centered frame, closed formulas exist to evaluate the
following quantities:

By = —Kq — <?*,?*,ﬁi‘1,2§3) (9.188)
X

= —Ksz%: (7720 2%) (9.189)

= — slaai—u; (i*,?*,ii‘l,%) (9.190)

G = Ky 8:53 (%*,ﬁ*,i%,igg) (9.191)

where U* is the electric potential associated to the normalized transverse distribution
and:

N
Ky = —S}ZSCZ% (9.192)



9.6. BEAM-BEAM INTERACTION (6D MODEL, HIRATA METHOD) 111

where Ny is the number of particles in the strong-beam slice, q5; and g are the particle
charges for the strong and weak beam respectively, Dy is the reference momentum of

the weak beam.

The minus sign in the Egs. 9.188-9.191 comes from the definition of electric potential,
ie. E=—-VU.

For a bi-Gaussian beam (elliptic) [36]:

S 2 2k 2 ? 2* +Z]7 211
—exp (_(x ) — (zyz )w i 2 (9.193)

e o B 1 Re |w X —l—zg}*
y ez - - =
o 2¢e9 \/2” (£ — Z%) 2 (55, - 25)
Ak 223 AK ﬁi‘l
2%\0 NN X A/ T /5
—exp (- (2’;) - (2y2) ) w L V0 | (9.194)
1 33 2 (X5 —3%)
oF = — aAU* 1 XEr+yEr+ ! %3 exp —(%*)2 — (‘12*)2 —
! 0% 2(Zf — 2%) ! Y 2me || 1 2% 223
(9.195)
§=— o _ ! {f*ﬁ* LR 2 exp (— G (?*)2> - 1] }
y = 2 x y 2 2 2
025y 2(Xy; —23) 2meg | | X3 2 225
(9.19)

where w is the Faddeeva function.
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Arse r ) 2%y ]
%" 2mey | 28 ] ()2 + ()3
Arse r 2%\ 2%y ]
o L e (O (9.198)
ox 2mey | 22 &P+ )2
ol 1 1 (f)z )2+ @)?
g\;:_ &% A% A% yE;_YE;—i_ * exp S sk
) NP [(y 2+ (7 )2] 2mey 3 25
) (9.199)
Lo 1 wrpy mra 1 (? ) () + @)
gy:_ Y A% Ak XEx y S sk Pl S ¢
) ) [(x )2+ (7 )2] 2rep X 2%
- (9.200)

We have used lower-case symbols to indicate that the factor given by Eq. 9.192 is not
yet applied.

The transverse kicks in the coupled (but still boosted) reference frame are given by:

Fi = F cos6 — F; sinf (9.201)
F; = Ffsinf + ﬁy* cos 6 (9.202)
To compute the longitudinal kick we notice from Eq. 9.94 that:
g 19
3 = 538 (9.203)
Therefore:
B = e [0 (R 05).57 €09) 219 269)] 0200
2 =535 'Y 1 =119 ), #33 :
This can be rewritten as:
F= (& 9 15 0es)] + B2 [5 (0N + 62 [8:,(9)] + &2 [$4:(9)
z as[ ( )i| ¥ 9S |:y :| Xas[ 11 } }/as[ 33 }
(9.205)

where all the terms have been evaluated before.
The quantities evaluated so far can be used to compute the effect of the beam-beam
interaction on the particles coordinates and momenta [36]:

Xpow = X* — SF; (9.206)
px,new =py+F (9.207)
Ynew =Y  — SE; (9.208)
p;,new = P; + F; (9.209)
Zrow = 2" (9.210)
Opeww =0 +F, + = 5 px + F T Pxa | T Fy Py + F + Pysi (9.211)
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The physical meaning of the different terms in these equations is illustrated in [38].

9.6.5 Inverse Lorentz boost (for the weak beam)

Now we need to go back to the accelerator coordinates by undoing the transformation
described in Sec. 9.6.1.
As before we evaluate:

pi=\/(1+6°) —pi2— p;? 9.212)
and then:

- % (9.213)

z

. Py
= (9.214)
pp=1-20 11 (9.215)

P

We invert the matrix (9.92) using Cramer’s rule:

Det (L) = + (hj; cosa + hy sina — h; sin 4)) tan ¢ (9.216)
cos ¢
inv _ 1
~ D) "
(ﬁ +sinatanzp(h}*/7hf,sint\'sin¢>) sina tan ¢ (h cosasing — hy) —tan¢ cosvz7h§sinzasinszrh;;cosasinzxsinrp
cosatanq‘z(—h; +hy sinasimp) (ﬁ + cosatan ¢ (hy —h'gcostxsinq))) —tan¢ (sina — Iy cos? wsin¢ + h cos asinasin ¢ (9.217)
—h cosasing —hg sinasing (1 + hy cosasing + hy sina sin(p)

This can be used to transform the positions:

*

X X
y | =Ly (9.218)
o o

The Hamiltonian can be transformed with a re-scaling:

h=h*cos®¢p = (5* +1-— \/(1 +6%) — pi2 — pf) cos? ¢ (9.219)
This can be used to transform the transverse momenta (inverting Eqs. 9.85 and fol-

lowing):

Px = Py Cos ¢ + hcosatan ¢ (9.220)
py = p; cos ¢ + hsinwa tan ¢ (9.221)

The longitudinal momentum can be calculated using directly Eq. 9.87:

0 = 0" + pycosatan + pysinatang — htan? ¢ (9.222)
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9.6.6 Additional material
9.6.6.1 Detailed explanation of "the boost" transformation

The reference frame transformation used in Sec. 9.6.1 can be written as [36, 6]:

*

o v
' 1 1 X

.| =4 Rcp LooostRecaRepA (9.223)
S S
y y

Here A is the matrix transforming the accelerator coordinates (Courant-Snyder) to
Cartesian coordinates:

ct o -1 010 o
X 0 100 X
= A = (9.224)
Z s 0 010 s
Y y 0 001 y
Rcp is a rotation matrix bringing the crossing plane to the X — Z plane:
1 0 1 0
0 cosa O sina
Rep = (9.225)
0 0 1 0
0 —sina 0 cosa

Rca is a rotation matrix moving to the barycentric reference frame (in which the two
beams are symmetric with respect to the s-axis):

1 0 0 0
0 cos sin 0
Rcp = ¢ ¢ (9.226)
0 —sin¢g cos¢p O
0 0 0 1

Lpoost is the matrix defining a Lorentz boost in the direction of the rotated X-axis:

1/cos¢ —tang

0

—tan¢ 1/cos¢ O

Lyoost = 1 (9.227)
0

0 0
0 0

- O O O

The momenta are transformed similarly [6]:
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o* )

Pr| _ B 1Ren L. RexRerB | F* 9.228

| = cP  LboostRcaRcp (9.228)
Py Py

where the transformation from accelerator to Cartesian coordinates given by:
E/c—po 10 0 O )
P 01 0

* = 1o P (9.229)
z — Po 00 —-10 h
Py, 00 0 1 Py

As explaned in Sec.9.6.1 not all particles with s = 0 are fixed points of the transfor-
mation, therefore a drift back to s=0 needs to be performed as we are tracking w.r.t. s
and not w.r.t. time. The net effect of the transformation is to move from the reference
frame of the weak beam to the boosted barycentric frame.

9.6.6.2 Constant charge slicing

We consider a Gaussian longitudinal bunch distribution:

1 -Z
Alz) = e 2z 9.230
(z) T (9.230)
We introduce the cumulative distribution function:
z 1 1
Q(z) = / AZNdZ = = —|— erf( > (9.231)
— \/—O'z

We define longitudinal cuts z§"

same charge:

such that the bunch is sliced in N sections having the

Q(zy") = % (9.232)

Replacing 9.232 in 9.231 we obtain:

78 = /20 erf ! (--1) (9.233)

For each slice we need to find the longitudinal centroid position. For generic slice
having edges z; and z; the centroid position can be written as:

Z

centroid __ 1 2 — Oz 2ijz — ZZU%ZZ
= 5= b PO = Ve o) ( ‘

(9.234)
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9.6.6.3 Considerations on the X-matrix description

Given the reduced Y-matrix of the beam (including only position terms, no momenta):

h by
=71 B (9.235)
213 233

the distribution for a Gaussian beam can be written as:
p(x) = ppe X=X (9.236)
Points having same density lie con ellipses defined by the equation:
x'¥~!x = const. (9.237)
As Y is symmetric, it can be diagonalized:
Y = VWVT (9.238)

where the matrix V has in its columns the eigenvectors of ¥~ and W is a diagonal
matrix with the corresponding eigenvalues:

W = (9.239)

V is a unitary matrix (eigenvectors are ortho-normal):
vwi=1=v1l=vT (9.240)

V can be used to transform coordinates from the initial frame to the de-coupled frame:
where X are the coordinates in the decoupled frame, i.e. the projections of of x on the
eigenvectors:

% =VTx (9.241)

Combining Egs. 9.238 and 9.240 we can write:
s =vwiv! (9.242)
This can be replaced in Eq. 9.237, re-writing the equation of the ellipse as:
x' VW~ 'VvTx = const. (9.243)

Using Eq. 9.241 we obtain the equation of the ellipse in the reference system of the
eigenvectors:

"W~ 1% = const. (9.244)
which can be rewritten in the familiar form:
a2 )
* Y const (9.245)
21 233

Once the X-matrix is assigned, the one-sigma ellipse can be drawn by the following
procedure:
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* We diagonalize ¥~ and we generate an auxiliary matrix defined as:

A =VVWVT (9.246)

* We generate a set of points in the unitary circle

[cos t]
zZ = (9.247)

sin t

e We apply A to t to generate points on the one-sigma ellipse:

X1y = Az (9.248)

This can be verified as follows:

X1 L x1y = 2T ATE 1Az = 2T (VVWV) (VIW IV (VVWVT )z
= 2" VVWW IVWVTz = 2TvvTz = 2Tz =1 (9.249)

9.7 Beam-beam interaction (6d model, Particle In Cell)

To simulate self-consistently the interaction between two bunches of particles, it is
possible to use the Particle In Cell method. The computation is done in a boosted ref-
erence frame in which the bunches move mainly along s as illustrated in the previous
section.

For this purpose, as for space charge simulations, we define a uniform 3D grid with
grid sizes Ax, Ay, Al. We note that each value of { corresponds to a different time of
arrival at the Interaction Point (IP):

sip— ¢

Poc

We simulate the interaction in discrete time intervals corresponding to the passage of
the different slices. The duration of each interval is

g =sp—Poct & t= (9.250)

_ A7
At = Boe (9.251)

We call ¢; the time at which the i-th slice is passing at the IP. The is is related to the {;
coordinate of the slice by the relation

_ s —Gi

t:
1 ﬁOC

(9.252)
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9.7.1 Propagation of particles during the interaction

From the conventional tracking using s as independent variable we get for all particles
the coordinates at the IP, which we call xip, px1p, y1p, Py1p, Z€tarp = sy1p — Boctip, where
tp is the time of arrival of the particle at the IP. Assuming the motion is in a drift space,
for each time step, we propagate the particles from the IP to their positions at the time

til
s;p—(; Spp—
x (t;) = xp + BxC (t; — tip) = x1p + BxC ( H,)Bocgl — IP‘BOC&P) (9.253)
Using the fact that:
Py moyPxc YBx
= = = 9.254
Px= 7 moyoBoc  voPo ( )
we can write: o
x (t;) = xp + Px7 (¢ — Ci) (9.255)

With the coordinates of the propagated particles we can solve a Poisson problem hav-
ing as source the 3D particle distribution at time ;. Using the fact that the bunches
are elongated and relativistic, we can solve the 2D Poisson equation instead of the full
3D problem. This procedure needs to be performed for the two colliding bunches.

9.7.2 Time relation between the two beams

For a particle of beam 1 having longitudinal coordinate {5y we want to know the lon-
gitudinal coordinate {57 corresponding to the section of beam 2 crossing the particle
at time ¢;.

We assume that the reference systems of the two beams are antiparallel and coincident
in transverse:

sB2 B2 = — (sB1 - stl) (9.256)
xP2 = —xBl (9.257)
Y52 = 44B! (9.258)

Similarly as done in Sec. 9.7.1, we can write the s position at the time ¢; for the particles
of beam 1 and beam 2:

Bl B1 18531 Bl Bl
0
B2 B2 181532 B2 B2

0

To find particles that are at the same s at time t; we replace Egs.9.259-9.260 in 9.256
we obtain:

B2_ B2 PSBY (81 B
=G —ﬁ—gl@<lp— i ) (9.261)
This relation can be used to probe the field map generated by the other bunch at the
position of each particle.
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9.7.3 Computation of the kick

The transverse kick at each time step can be written as:

ApPt = APP' _ FiAt
* pst - pBl

Using Egs. 9.42 and 9.251, taking onto account that the beams move in opposite direc-
tions, we obtain:

(9.262)

Bl — _ gAc" B1 gB2) 99" B2
Apy” = mBLo BT (BBT)2c2 (1+ﬁ p ) . (x,y,0°7) (9.263)

9.8 Configuration of beam-beam lenses for tracking sim-
ulations (weak-strong)

The effects of the non-linear forces introduced by beam-beam interactions in the Large
Hadron Collider (LHC) are studied with tracking simulations using, for example, the
SixTrack and sixtracklib codes [39, 40]. In these simulations the beam-beam interac-
tions are modeled by a set of “thin” non-linear lenses around the collision points. “6D
beam-beam lenses” based on Hirata’s synchro-beam method [36, 41, 38] are used to
model the Head-On (HO) interactions at the for interaction points (IPs) while simpler
“4D lenses” are used to model parasitic Long-Range encounters [42].

This document describes a method to configure the beam-beam lenses in tracking
simulations based on the model of the accelerator, which has been recently developed
as an evolution of existing tools in MAD-X scripting language [43]?

In particular, in Sec.9.8.1, we discuss how to reconstruct the absolute position of the
two beams with respect to the lab frame using the twiss and survey tables; in Sec.9.8.2
we discuss how to compute the separation between the two beams; in Sec.9.8.3 we
describe how to identify the crossing plane and crossing angle; in Sec.9.8.6 we de-
scribe how to configure the anticlockwise beam (conventionally called beam 4) from
the MAD-X model based on two clockwise-oriented sequences; in Sec. 9.8.7 we intro-
duce the effect of crab cavities on the beam-beam configuration.

9.8.1 Identification of the beam position and direction

The position and orientation of the beams at a certain machine element can be ob-
tained from MAD-X combining the information from the survey and twiss tables.
We assume that:

* The sequences start from an element at which the reference trajectories of the
two beams are known to be parallel;

2The authors would like to acknowledge all the colleagues who have contributed to the develop-
ment of the MAD-X tools for the configuration of tracking simulations, on which the present work
is largely based, and have provided important input and support, in particular G. Arduini, J. Bar-
ranco Garcia, R. De Maria, S. Fartoukh, M. Giovannozzi, S. Kostoglou, E. Métral, Y. Papaphippou,
D. Pellegrini, T. Pieloni and F. Van Der Veken.
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¢ Both beams (B1 and B2) have the same orientation (clockwise);

e Markers or beam-beam lenses are installed at the s-locations of the beam-beam
interactions.

The survey provides the coordinates in the lab frame of the two beams:

xsu

Pt = [ you (9.264)

SSLI

and the corresponding set of angles (6°%, ¢, ") defining the orientation of the local
reference system used by the twiss [17]. The origin and the orientation of the lab frame
are defined by the the first element in the sequence.

The components of the unit vectors defining the local reference frame with respect to
the lab frame can be obtained from the following relationship:

(& &y, &) =
cos0® 0 sing®™ 1 0 0 cos P —siny™ 0
0 1 0 X1 0 cos¢™ sing®™ | X[ sing®™ cosy™™ 0
—sin@®" 0 cos & 0 —sing®™™ cos¢®™ 0 0 1

(9.265)

The MAD-X twiss provides the transverse position of the beam in the local reference
frame (x™,y™), so that the absolute position of the beam in the lab frame can written
as

P =P +x™e, +y™e,. (9.266)

At the beam-beam locations the local reference frames for the two beams are assumed
to be aligned. This is not strictly the case in the regions between the separation-
recombination magnets (D1 and D2), but also in that case that case the existing small
divergence can be considered negligible. The beam-beam module of pymask checks
the conditions:

&) — &bl <« 1, (9.267)
&)t — b7 < 1. (9.268)

Therefore we will simply define:

6, = &bl =¢b?, (9.269)
&, =& =&’ (9.270)



9.8. CONFIGURATION OF BEAM-BEAM LENSES FOR TRACKING SIMULATIONS (WEAK-STR(

y
A

sing plane

s 0=2¢

Cros

v

Figure 9.1: Schematic illustration of the crossing plane.

9.8.2 Computation of beam-beam separations

The beam-beam separations are defined as the transverse coordinates of the strong
beam with respect to the weak beam. They can be computed as:

Ax = & - <PS - PW> ) (9.271)
Ay =8, (PS - PW) ) (9.272)

where the superscripts identify the weak (W) and the strong (S) beam.

Typically the accuracy of the survey table is insufficient to computed the separations
correctly, especially for elements that are too far from the first element in the sequence,
due to accumulation of errors along the sequence. A correction can be computed
looking as the apparent displacement of the closest Interaction Point (IP) between the
two surveys, as the IPs are supposed to coincide.

9.8.3 Crossing plane and crossing angle

At the beam-beam encounters the local reference frames for the two beams share the
same orientation. Therefore the elevation angle « of the crossing plane and the cross-
ing angle 0 can be computed in the local reference frame, as will be illustrated in the
following.
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9.8.4 The crossing plane

The directions defined by the local trajectories of the two beams are identified by the
unit vectors

p" = (pxw, ) oy ) , (9.273)
p° = (v r5pS) (9.274)

containing the angles of the closed orbit obtained from the twiss of the two beams.
The plane defined by these two directions is called Crossing Plane (XP), as illustrated
in Fig.9.1, and its equation is given by:

vxp(wi, W) = w1p" + wop® . (9.275)

The line defined by the intersection of the crossing plane and the transverse plane
identified by the unit vectors &, and &, is given by the condition:

pr(wl, ZU2) . és =0. (9.276)
Replacing Eq. (9.275) into Eq. (9.276) we obtain:
wipl +wopd =0, 9.277)

and replacing this condition in Eq. (9.275) we obtain the equation of the intersection
line

w_ pe
vr(wy) = w, (p — p—ss“‘f) . (9.278)
S

The elevation angle « of the intersection line with respect to the local x-direction (éy)

can be written as: .
VT * ey

a = arctan ~ (9.279)
VT - €4
Using Eq. (9.278) we obtain:
w_ P s
S
a = arctan v . (9.280)
p
(st~ 250t)
Ps
In the paraxial approximation (p$ ~ p!' ~ 1) this simply becomes:
A
a = arctan ﬂ, (9.281)
Apy
where we have defined:
Apx=py —p3, (9.282)

Apy=py —p;- (9.283)
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In the legacy beam-beam macros as well as in the configuration pymask tool, the
following logic is implemented

A
arctan (A_Py> if |Apx| > |Apy|
«— Px , (9.284)
7T Apy .
7 — arctan (A_Py> if [Apx| < |Apy|
for which « is limited to the range:

T g 9.285)
g Sas .

In particular, for a purely horizontal crossing we have « = 0 and for a purely vertical

crossing we have a = 7.

9.8.5 The crossing angle

The crossing angle 6 between the two beams can be found from the relation:

cos® =p" - p°. (9.286)
The half crossing angle
¢:§ (9.287)
is often used instead of 6.
In the paraxial approximation
py <1, (9.289)
(9.290)

the scalar product in Eq. (9.286) can be rewritten as

p" -0 =l ps+ ) Py + i ps

2
- P;Y“P%p%fﬂ/l—(p%v)z— (r) V= (097 = ()’
2

2

1AV pW S\ 2 pS
x Yy x y

A U 2 I PO )

e () s ()
2 2 2 2 7

which can be written in compact form as:

~ plpipypy 1 - (9.291)

W _ ,5)\2 w_ s\?
px —pPx) H\py —P
pW.f,Sg1—(x 2 2<y ) . (9.292)
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For small crossing angle we can write:

92
cosf ~1— - (9.293)

Replacing Egs. (9.292) and (9.293) into Eq. (9.286) we obtain

0| = \/Ap% + Apj. (9.294)

The sign of 6 is defined positive when the weak beam needs to rotate in the clockwise
sense in the crossing plane in order to be brought on the strong beam. This corre-
sponds to the following sign choices:

Apx| > |Apy| [Bpx| < [Apy]
Apx >0, Apy > 0 >0 >0
Apx <0, Apy >0 <0 >0
Apxy <0, Apy <0 <0 <0
Apx >0, Ap, <0 0>0 0 <0

which are consistent with the sign convention used in LHC operation.

9.8.6 Transformations for the counterclockwise beam (B4)

The typically used MAD-X model of the LHC consists of two sequences both having
clockwise (CW) orientation, conventionally called Beam 1 and Beam 2. To perform
tracking simulations of the anticlockwise (ACW) beam, an anticlockwise sequence
needs to be generated, which is conventionally called Beam 4. The beam-beam lenses
in the Beam 4 sequence can be configured based on the beam-beam lenses defined
in Beam 2, taking into account that the two are related by the following change of
coordinates:

xACW — W (9.295)
yAW = 4y W, (9.296)
AW — _CW (9.297)

The corresponding transformation for the transverse momenta is:

peW = 1SV, (9.298)
py = —p". (9.299)

This can be easily seen from the fact that:

dx (9.300)
P '

d
Py~ 2. (9.301)

ds
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Additionally, from Egs. (9.295) - (9.299) it is possible to derive the following relations
to transform the X-matrix [41] of the strong beam:

W = 42, (9.302)
TAW — 3oV, (9.303)
TAW — _3CN, (9.304)
TAW = 13V, (9.305)
W = 425V, (9.306)
YW = +x5Y, (9.307)
oW = xSV, (9.308)
TAW = +3§Y, (9.309)
oW — —2§4W , (9.310)
W = 43V, (9.311)

(9.312)

9.8.7 Crab crossing

To discuss the effect of crab cavities, we define along the bunches of Beam 1 and
Beam 2 (sharing the same s coordinate as in the MAD-X model), the longitudinal
coordinates z1 and zp, oriented like s.

Assuming that the slices with z; = zp = 0 collide at s=0, the collision point (CP) for
two generic slices z; and z; is at the location:

— ; 22 (9.313)

In the absence of crab crossing, the transverse position of the two beams is indepen-
dent from z:

= +¢s, (9.314)

Xp = —¢s. (9.315)

Ideal crab cavities, in the linear approximation, introduce a z-dependent orbit correc-

tion such that:

x1(s) = +¢s + Pcz1, (9.316)

x2(s) = —¢s — Pcza, (9.317)

where ¢, is the crabbing angle and we assume, without loss of generality, horizontal
crabbing plane.

The separation of the two slices at their collision point is obtained replacing (9.313)
into (9.316) and (9.317):

Ax(scp) = x2(scp) — x1(scp) = —(¢ + ¢c)(z1 + 22) - (9.318)

If . = —¢, the separation is zero independently of z; and z, (perfect crabbing).
The crab crossing in the IPs of the HL-LHC for the clockwise and anticlockwise beams
is illustrated with the relevant sign conventions in Figs.9.2-9.5.
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tracking: B1 Exterior of the ring | X
H-crossing (IP1)
T B1 B2 Tl
- S S e
Zl=S-Ct1 Zp1 22:5+ct2 s
Bl B2
{gy = dxg,/ds >0 dg, = dxg,/ds <0
pi1c = dXgy/dzg; < 0 Ogac = dXg/dzg, >0
weak strong
bg =@ g, =-@
We call ®, ®. the MAD-X knobs:
¢ ¢B1c = q)c ¢BZC = '(Dc

Figure 9.2: Crab crossing in the IP1 of the HL-LHC modeled for the tracking of the clockwise

beam (beam 1).

tracking: B4 Exterior of the ring
H-crossing (IP1)
T B3 B4 T~
- P C—~
Zg3 Zgy
B3 X B4
g3 = dxg3/ds >0 {gq = dxg,/ds <0
Op3c = dXp3/dzg3< 0 Gpac = dXgy/dzg, >0
strong weak
bg3 = by =-@
We call ®, @, the MAD-X knobs:
¢ ¢B3c = (I)c ¢B4c = _(I)c

Figure 9.3: Crab crossing in the IP1 of the HL-LHC modeled for the tracking of the anticlock-

wise beam (beam 4).
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tracking: B1 Sky

V-crossing (IP5)

B1

gy = dyg,/ds >0
gic = dyp,/dzg, <0

weak

bg =@

We call ®, @, the MAD-X knobs:
¢Blc = (Dc

— e~
Zp;
B2

gy = dyg,/ds <0
gy = dyg,/dzg, >0

strong

0pp =-D
¢BZc = 'q)c

Figure 9.4: Crab crossing in the IP5 of the HL-LHC modeled for the tracking of the clockwise

beam (beam 1).

tracking: B4 Sky y
V-crossing (IP5)
S A/'/‘/' '\.\.\.
T > | >
T B3 B4 Tl
- < — T~
Zp3 Zp,
B3 B4
$p3 = dygs/ds < 0 Ogg = dyg,/ds >0
Opac = dyp3/dzg3 >0 Ogac = dyps/dzgy <0
strong weak
g3 =-D gy =+
We call ®, ®, the MAD-X knobs:
¢ ¢B3c = _(I)c ¢B4c = +ch

Figure 9.5: Crab crossing in the IP5 of the HL-LHC modeled for the tracking of the anticlock-

wise beam (beam 4).
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9.8.7.1 Configuration of beam-beam lenses for beam 1

In order to model the HO interaction for a crab crossing, the “strong bunch” is sliced
longitudinally using the constant charge method, and one beam-beam lens for each
slice is installed in the sequence.
In particular, in the sequence of beam 1, the lens corresponding to a slice of the strong
beam (beam 2) having longitudinal coordinate z, = Z; is installed at the location
where the slice encounters the synchronous particle of the weak beam (see Eq. (9.313)
with z; = 0):
Z

Stens =+ (9.319)
The position of the strong beam at the lens can be found replacing Eq. (9.319) into
Eq. (9.317):

X2 = _Slens((P + Z(PC) . (9320)
The effect of the crab bump alone is given by:
X(erab = —2¢cSiens = —PcLa . (9.321)

Taking into account the RF curvature coming from the crab cavity frequency, the po-
sition of the slice at the beam-beam lens can be written as:

) 27th Lyin . 27ThCC
xcrab _ rmg sin ( cC» ) = — & sin (—251 , (9.322)
2 e 271thec Lring Pe 27thcc Lring e

where hcc is the harmonic number of the crab cavity and Lying is the circumference of
the ring.

9.8.8 Configuration of beam-beam lenses for beam 2

In the sequence of beam 2, we install the beam-beam lens for a slice of the strong
beam (beam 1) having longitudinal coordinate z; = Z; at the location where the slice
encounters the synchronous particle of the weak beam, (see Eq. (9.313) with z; = 0):

Slens = % : (9.323)
The position of the strong beam at the lens can be found replacing Eq. (9.323) into Eq. (9.316):
X1 = Stens (@ +2¢c) - (9.324)
The effect of the crab bump alone is given by:
X570 = 2Siens = PeZi . (9.325)

Taking into account the RF curvature coming from the crab cavity frequency, the po-
sition of the slice at the beam-beam lens can be written as:

L i 271']’1 I‘lI‘l 27ThCC
xerab — "8 sin ( <z ) 8 _sin ( 2s . 9.326
1 (Pc > 7ThCC Lring 1 (pcz hCC Lring lens ( )

From Egs. (9.322) and (9.326), we find that for lenses at the same longitudinal posi-
tion sjens the corresponding slices of the two beams Z; = Z; = 2554 have opposite

transverse coordinates:
X§rb = —XgreP (9.327)
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9.8.8.1 Crab bump from twiss table

For a non-ideal crabbing, for example in the presence of a non-closure of the crab-
bump, the realistic z-dependent orbit distortion introduced by the crab cavities can
be characterized using the twiss, by installing orbit correctors at the position of the
crab cavities that introduce the crab cavity deflection as seen at a certain reference
position along the bunch z.. To obtain the effect on particles at different positions
along bunch it is possible to apply the following scaling:

sin (%z)
x(z) = x (zref) — :
sin <

. 9.328
27ThCC z ) ( )
Lring ref

9.8.9 Step-by-step configuration procedure

Based on the method introduced in the previous sections, the following procedure
has been implemented in pymask to configure the beam-beam lenses in the sixtrack
and sixtracklib tracking model:

1. Inactive beam-beam lenses (not configured) are installed in both clockwise se-
quences (Beam 1 and Beam 2) at the locations of the HO and LR beam-beam
encounters. As discussed in Sec.9.8.7, at each IP a set of lenses is installed to
model the HO, one corresponding to each bunch slice.

2. The MAD-X twiss and survey tables are computed for both clockwise sequences.

3. The transverse beam shapes (X-matrix) are extracted from the twiss table for all
beam-beam lenses.

4. The positions of the beams at the beam-beam lenses in the lab frame are com-
puted combining the information from the survey and twiss tables, as discussed
in Sec.9.8.1.

5. The beam-beam separations are computed, as discussed in Sec.9.8.2.

6. For all HO interactions, the crossing plane and the crossing angle are identified,
as discussed in Sec.9.8.3.

7. The relevant quantities for the beam-beam lenses in the anticlockwise sequences
(Beam 3 and Beam 4) are obtained from the data computed for the lenses in the
clockwise sequences (Beam 1 and Beam 2), using the transformations described
in Sec.9.8.6.

8. The effect of the crab cavities is introduced by using the shape of the crab bumps
obtained from twiss tables computed with orbit correctors at the locations of the
cavities, as discussed in Sec.9.8.7.

9. The information computed before is used to configure the beam-beam lenses
in the MAD-X model of the sequence for which the tracking simulation will be
performed, typically either Beam 1 or Beam 4.
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10. The SixTrack input and the pysixtrack/sixtracklib input files are generated us-

11.

ing the MAD-X model and the additional information computed as described
above.

The closed orbit as computed from the MAD-X sequences is saved on file, for
the generation of matched beam distributions and for the computation of the
beam-beam dipolar kicks on the closed orbit, which are usually subtracted in
weak-strong tracking simulations.
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Bhabha scattering and beamstrahlung

10.1 Bhabha scattering

In quantum electrodynamics (QED), the Coulomb attraction of two opposite charges
(e.g. an electron and a positron) is called Bhabha scattering [44]. The mathematical
treatment of Bhabha scattering can be done using the method of equivalent photons
(Weizsdcker-Williams approach) [45, 46]. The essence of this method lies in the fact
that the electromagnetic field of a relativistic charged particle, say the positron, is
almost transversal and can therefore accurately be substituted by an appropriately
chosen equivalent radiation field of photons. Thus, the cross section for the scattering
of an electron with this positron (Bhabha scattering) can be approximated by that of
the electron and an "equivalent" photon (Compton scattering). In this case, the equiv-
alent photon corresponds to the exchanged virtual photon between the scattering pri-
maries. The whole process, including the subsequent emission of bremsstrahlung
photons can be treated in a numerical simulation as an inverse Compton scattering
process [47]. In this, the virtual photons emitted by the positron will collide with the
electron. Due to the relativistic dynamics of the participating leptons, the virtual pho-
tons have an energy which is often negligible compared to that of the leptons, thus
we can treat them as real. The process is called inverse since here the electron will lose
energy while the photons will gain energy, contrary to standard Compton scattering.
The scattered photons are real and typically end up with an energy E7 comparable to
the initial lepton energy E, [48].

The generation of photons from radiative Bhabha scattering in Xsuite can be divided
into 3 steps. First, the charge density of the opposite bunch slice at the location of
the macroparticle in the soft-Gaussian approximation is computed [49]. From this
one computes the integrated luminosity of the collision of the macroparticle with the
virtual photons represented by the slice, integrated over the time of passing through
the slice. Second, a set of virtual photons is generated corresponding to the total
energy of the opposite slice. Third, the code iterates over these virtual photons and
simulates the bremsstrahlung process as a series of inverse Compton scattering events
between the macroparticle and each virtual photon.
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A
®

P(x, y)

Figure 10.1: Schematic illustration of a single macroparticle from bunch 1 (blue) colliding
with a single longitudinal slice of the opposing bunch 2 (red).

10.1.1 Luminosity Computation

Figure 10.1 illustratres how Xfields computes the integrated luminosity in a collision
of a single macroparticle from one beam with a single slice of the opposing beam!.
On the figure x, y denote the transverse coordinates of a macroparticle in the boosted
and uncoupled frame, at the collision point with a slice of the opposing bunch, cor-
responding to the notation X", 3" in the previous sections. The centroid (mean) co-
ordinate of the opposing slice, with a bunch intensity of N, is denoted by x., y., in
the boosted, uncoupled, transported reference frame of its own bunch. Xfields mod-
els the charge density of a longitudinal slice as a 2D Gaussian distribution p(x,y).
Considering an infinitesimal area dxéy around the transverse position x, y of a given
macroparticle at the collision point with the slice, one can write the number of charges
with which this macroparticle will interact:

Ne(x,y) = Npsp(x,y)0xdy, (10.1)
and the integrated luminosity of the macroparticle-slice collision:

_ Ny - Ne(x,y)

b oxdy

= Ny uNysp(x,y), (10.2)

where Ny, ,, denotes the number of elementary charges per macroparticle.

!Note that this luminosity can be recorded in a table with the flag luminosity flag of the
BeamBeamGaussian3D element and lumitable keyword in the Xline internal log. The recorded en-
tries must be summed up to get the total integrated luminosity of the collision. This method has an
uncertainty of £10% compared to the analytical formula.
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10.1.2 Virtual Photon Generation

Equation (10.2) describes the integrated luminosity of primary-primary collisions. In
order to simulate the collision of the primaries with virtual photons instead, Xfields
uses the assumption that the virtual photon distribution N,,(x,y) is proportional to
that of the primary charges:

Ny (x,y) = nNe(x,y), (10.3)

where 7 is a proportionality factor denoting the number of virtual photons corre-
sponding to one elementary charge. The number density spectrum of virtual photons
is given by:

dn a1+ (1-x)*1
dxdQ? ~ 2m X Q2 (10-4)
hw E, . . .
where x = T = s the total energy of the virtual photon normalized to the
e e

primary energy and Q? is the squared virtuality of the virtual photon [50].

The virtual photon energies and virtualities can be drawn using the method of in-
verse CDF (Cumulative Distribution Function) sampling. The sampling algorithm in
Xsuite has been adapted from GUINEA-PIG [51], a Particle In Cell (PIC) based single
beam-beam collision simulation software. For each macroparticle in the beam, we
tirst compute the total amount of equivalent photons using the energy of the opposite
bunch slice. Subsequently, the energy and virtuality of each photon will be sampled.
In the current implementation all virtual photons inherit the dynamical variables of
the strong bunch slice centroid. Note that the virtual photons sampled this way will
also be "macroparticles” in the sense that they represent the dynamics of all virtual
photons generated by all charges in a primary macroparticle.

10.1.3 Inverse Compton Scattering of Virtual Photons

We account for the proportionality of the primary charge and virtual photon distribu-
tions described by Eq. (10.3) by resampling the virtual photons for each macroparticle.
With each photon, we simulate the bremsstrahlung process in the form of a set of in-
verse Compton scattering events. The number of Compton events can be described
as:

R = UC,tot(s)L = ‘TC,tot(S)Nb,mNb,sP(x/ y); (10.5)

4E.E,

m2ct
ton interaction, normalized to the rest mass of the primary [52], and o¢ (¢ (s) denotes
the total Compton scattering cross section, given by:

where s ~

is the center of mass energy squared of the photon-primary Comp-

27172 4 8 1 8 1
(TC,tot(S) = S ‘ {ln(s—i— 1) (1 5 S_2> .+ 5 + P m ’ (10.6)
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with 7. being the classical electron radius. For each event, we sample the scattered
photon energy from the differential cross section:

doc 22 [ 1 4y 4y
— 1—y— 10.7
dy ~ s LT—y Y sy TR —yr) 1o
which describes the scattering of a beam of unpolarized photons on the primary
/ E!
charge [47]. Here y = hEi = E—7 is the energy of the scattered photon in units of
e e

the total energy of the colliding primary. Given the energy E!, we can compute the
scattering angle of the primary and the photon as well as their momenta, using the
constraints given by energy and momentum conservation. While the emitted pho-
ton spectrum corresponds to the sum of all charges represented by a macroparticle, a
given macroparticle should represent the dynamics of a single primary charge. Thus,
the dynamical variables of the macroparticles are updated according to energy and
momentum conservation accounting for the emission of only a fraction of the pho-
tons. The latter are picked randomly based on a probability corresponding to the
inverse of the number of charges per macroparticle.

10.2 Beamstrahlung

The implementation of beamstrahlung in Xfields is based on GUINEA-PIG [51]. In
this section a high level summary of the modeling is presented. Further details can be
found in [53].

Xfields samples the quantum theoretical synchrotron radiation spectrum G(v, ¢):

02

2,2
6(0.8) = =gy (O + 2 G ) 108

which is normalized such that G(v = 0,¢) = 1 and G(v,¢) < 1 for all v and ¢. The
variable ¢ is defined as:

Eyit

‘="
and denotes the magnitude of the quantum correction, i.e. the critical energy normal-
ized to the energy E of the primary particle in GeV undergoing the beamstrahlung
process. The critical beamstrahlung energy is defined in the classical way as:

(10.9)

3hcy?

2p
The unitless variable y is related to the energy of the emitted beamstrahlung photon
E,:

Eir = (10.10)

E'Y 1
= _— (10.11)
4 Ecrit 1— %

Equation 10.11 can be expressed with the help of a uniform random variable v as
follows:
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3
0

With these the number of beamstrahlung photons emitted in the interval [v, v + Av]
during a time interval J; can be given as:

AN, = poG(v,&)Av, (10.13)
where
2
po= 2 % gs4 B (10.14)
I'(z) o P

is a scaling factor dependent on the relativistic 7y of the primary, the instantaneous
bending radius p and the fine structure constant . The bending radius of each macropar-
ticle in the electromagnetic field of a given longitudinal slice of the opposite bunch is

obtained from the radial kick:
Ff = Tpp |Fi2 4+ F;2, (10.15)

0= (10.16)

with rp, = llﬁ = %. In the Xfields BeamBeamGaussian3D element the time interval
0t is expressed as a longitudinal distance Az, which is the distance the macroparti-
cle travels between two consecutive longitudinal slices and it corresponds to the bin
width of the longitudinal slicing.

Figure 10.2 shows the beamstrahlung photon number density poG(v,¢) for a fixed
value of pp and {. The area in the region C is the mean number of beamstrahlung
photons emitted during an interval J;, i.e. a passage through one longitudinal slice of
width Az.

The functions G1(y) and G(y) are defined as follows:

Gily) = Y2LG) / Ks (x)dx,
2371 s
y (10.17)
1
Gaty) = LB, )
237

Equations 10.17 are evaluated numerically with the below approximate formulas:

0<y<154
Gi(y) = y3(1 — 0.8432885317 - y5 + 0.1835132767 - 12
— 00527949659 - 3 + 0.0156489316 - y*) (10.18)
Ga(y) = 13 (0.4999456517 — 0.5853467515 - y/3
+0.3657833336 - > — 0.0695055284 - 5 + 0.0191803860 - y*)
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1
dNy A
dv
P, —===3I---
C  pGWEH\B
0 v 1

Figure 10.2: Schematic illustration of the number density function of beamstrahlung photons
poG(v,¢) (red curve) for a given py (blue dashed line) and ¢, as a function of v.

1.54 < y < 4.48
G(y) — 2066603927 — 0.5718025331 - y + 004243170587 >
—0.9691386396 + 5.651947051 - yy — 0.6903991322 - y2 + 1,
Goly) — 118852208645 — 05176616313 -y +-0.03812218492 Y2
—0.4915880600 + 6.1800441958 - 17 — 0.6524469236 - y2 + 1,
(10.19)
448 <y < 165.0
Goly) = © " 10174394594 + 0.5831679349 -
NG, 0.9949036186 + y (10.20)
Goly) = " 0:2847316689 + 05830684600 -
NG 0.3915531539 + y

For y > 165 the model assumes no radiation. With these one can simulate beam-
strahlung emission by first drawing a random uniform number p. The condition
p > po corresponds to region A on Fig. 10.2, therefore no photons are emitted. In the
other case a second random uniform number v is drawn, and Eq. 10.8 is computed. If
p < poG(v,¢) is satisfied (region C) a photon is emitted with an energy

By __ &
E 1-(1-¢&)0%
otherwise no photon is emitted (region B). The generated beamstrahlung photons are

themselves macroparticles in the sense that they represent the dynamics of all photons
generated by all charges in a primary macroparticle.

(10.21)
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Wakefields and impedances

11.1 Transverse wakefields

Transverse wakefields are defined such that the corresponding transverse kicks can
be written as:

- q e k l/ / i,j,k,1 ! !
Apy =——— X Z YWY (z —2') dz (11.1)
ey pay y )JA(2') (z—2)
Apy _L k! / (g M)W (2 - ) dz! (11.2)
mo’Yﬁ ik 1>0 -

where %(z) and 7(z) are the transverse centroid positions along the beam.
The convolution can be obtained numerically using the method of Section 13.2.
The lower order terms of the summation are often called as:

o W,?’O’O’O constant x

WS’O’O’O constant y
o W00 dipolar x, or driving x
° W;),l,o,o dipolar y, or driving y
o WLOD dipolar xy, or driving xy
. Wyl,o,o,o dipolar yx, or driving yx
o WOOLO :
p quadrupolar x, or detuning x
o WOOOL 1iad 1 d .
y quadrupolar y, or detuning y
o WOO001 -
p quadrupolar xy, or detuning xy
W;),o,l,o

quadrupolar yx, or detuning yx
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The z variable can be written as a function of time in the lab frame as:
z = —PBoct, (11.3)

We call Wx,y the wakefield defined as a function of time ¢:

Wy y(t) = Wy (—PBoct) (11.4)
Wyy(z) = Way (—é) (11.5)

For ultrarelativistic beams we have:

Wyy(t) =0 fort <0 (11.6)
0 forz >0 (11.7)

The coefficient 1/-B3 in Eqs. 11.1 and 11.2 comes from the fact that, if we have a force
F, acting on a length As, we can derive the corresponding kick as follows:

APy, = FyAt, (11.8)

and substituting the P, with the normalized one p, = P - we find

_F Fy As
A —At = 11.
pr= A= o (10.9)
hence substituting Py = mgyBoc we find
Fy
Apy = ——— 11.10

11.2 Transverse impedances

The transverse beam coupling impedances Zy , (w) are related to the wakefields through
a Fourier transform (see [54, Eq. 1.216]):

~ ] oo
Wy (F) = —é/ dw et 7, (w) (11.11)
Zyy(w _]/ dt e TUTW, (1) . (11.12)

The equivalence between the two equations can be seen multiplying both sides of
Eq.11.11 by e /%'t and integrating over

dt eIV, (1) = — == dt dex w)el @t (11.13)
y y
+

] (e 0] . _
=L [ zx,y(w> [ arelens i
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We now apply the following property of the Dirac ¢ function

S(w—w') = Lﬂ /OO dt el @)t (11.15)

and we find
o] C L~ +o00
/ dt e T W, (1) = —j/ dw Zyy(w)d(w — ') = —jZy (). (11.16)

We can write the impedances also in terms of the wakefield expressed as a function
of z = —Boct (using Eqgs. 11.22 and 11.22):

1 o0 Pz

Wiy(z) = —5- /_ dw e Rz (@), (11.17)
] +00 oz

Zyy(w) = ﬁ/_w dze! ot Wy (z) . (11.18)

As the transverse wakes are real functions, the impedances satisfy the following sym-
metry properties:

Re {Zyy(—w)} = —Re {Zsy(w)} (11.19)
Im{Z,(—w)} =Im{Z,(w)} (11.20)

11.3 Longitudinal wakefield

Longitudinal wakefields are defined such that the corresponding kicks can be written
as:
AS = _ﬂ /+oo dz' Az YWs(z = 2) . (11.21)
moyp3c? J-eo
The minus sign is introduced such that a positive wake causes the particles to lose
energy. The convolution can be obtained numerically using the method of Section
11:,1520 in this case, we call W; the wakefield defined as a function of time ¢:

Ws(t) = Ws (Boct) (11.22)
~ z
W(z) = W, (—@) (11.23)

11.4 Longitudinal impedance

The longitudinal beam coupling impedances Z;(w) are related to the wakefields through
a Fourier transform (see [54, Eq. 1.216]):

—~ +o00 .

Wy(t) = % /_ dw o' Z,(w) (11.24)
+oo N

Zs(w) = / dt e TN (1) . (11.25)

—00
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We can write the impedances also in terms of the wakefield expressed as a function
of z = —Byct (using Eqgs. 11.22 and 11.22):

1 +oo —jwi
Wi(z) = 5 / dw e T 7,(w), (11.26)
+-00 oz
Zs(w) = é/_w dze!“ Poc Wi (z) . (11.27)

As the longitudinal wake is a real function, the conrresponding impedance satisfies
the following symmetry properties:

Re{Zs(—w)} =Re{Zs(w)} (11.28)
Im{Z;(—w)} = —Im{Zs(w)} (11.29)

11.5 Analytical wakes

Resonator

Ultra-relativistic resonator with shunt impedance R, quality factor Q > 1 and reso-
nant frequency f,

* Longitudinal:

Wi(t) = %Re“f (cos(&}rt) -2 sin(cﬁrt)) , (11.30)
Zo(w) = —— | (11.31)
1-jQ (2 - 2)
e Transverse:
Wiy (t) = %e—“f sin(@yt) , (11.32)
Zoy(w) = 2 R (11.33)

©1-jQ (% -2)
where w, = 27tf;, @y = wyy /1 — 4LQ2I & = 5. Ref: [54, Section 2.2]

Cylindrical thick wall

Cylindrical resistive wall wake, based on the "classic thick wall formula" (see e.g. [55,
Chapter 2]) with resistivity p, permeability u, radius r and length L:

* Longitudinal:

_ L [P,
We(t) = —Ly—y/ 223, (11.34)
Ze(w) = L(1+] sign(w)) - ——, (11.35)

27tr s (w)
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where 65 (w) = 4/ % is the frequency-dependent skin depth.

Note: the longitudinal resistive wall wake is negative for any value of ¢, while,
with the adopted sign convention, longitudinal wakes should be positive for
t — 0+. This happens because the thick wall approximation is not valid for
small t. Computing the wake numerically with IW2D shows that the resistive
wall wake is actually positive close to zero and performs a few oscillations after
which it agrees very well with the formula above. For applications where short
range effects are relevant this model should not be used.

e Transverse:

1 [cZop, 1
Wx,y(t) - Lﬁ 71' 2, (1136)
0 1 1

7ir3 w./eop s (w)

Zyy(w) = L(1 4 sign(w)) (11.37)
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Chapter 12

Intra-Beam Scattering

Intra-beam scattering (IBS) is the process of small angle, multiple Coulomb scatter-
ing of charged particles within the beam. It leads to a redistribution of the particle
momenta in six-dimentional phase space.

12.1 Analytical Growth Rates

Theoretical models commonly characterize the effect of intra-beam scattering through
growth rates, or growth times. The former is expressed in [s7!]) and the latter in [s].
These govern the evolution of the rms beam sizes or rms emittances of the beam, de-
pending on the convention used.

Growth rates (and growth times) can be expressed in either amplitude or emittance
convention. The former governs the evolution of rms beam sizes while the latter
governs that of rms emittances. The two conventions are equivalent by a factor 2 and
conversion can be done as:

=2
. o /\ o
Emit. Times Amp. Times
—
x2
VL = (%) ~
2
2 S < 3
Q » Q
S S B3 S
X2
. —
Emit. Rates Amp. Rates
—_—
-2

Figure 12.1: [llustration of the conversions between IBS growth rates and times, across
emittance and amplitude conventions.

The growth rates themselves are expressed from the lattice optics as well as the beam
properties.

143
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In Xsuite, for consistency with synchrotron radiation damping times (see section 4.1),
the amplitude growth rates are computed. The horizontal (Ky), vertical (K,) and
longitudinal (K;) amplitude growth rates are defined as:

_1_ 1 del/?
1 1 del/?
Ky=—=—-¥_ 12.1

TZ 82/2 dt !

where (Ty), (7,) and (7z) are the amplitude growth times.

Currently two different formalism are available to compute these growth rates. Both
assume transverse and longitudinal Gaussian bunch profiles. Both rely on the com-
putation of the Coulomb logarithm L, which in xfields is computed according to the
expression in the Physics Vade Mecum [56]:

Lc =In (r’”“") : (12.2)

Ymin

In Eq (12.2) 7,4y is taken as the smaller of oy and the Debye length, while r,,;, is taken
as the larger of the classical distance of closest approach and the quantum diffraction
limit from the nuclear radius.

12.1.1 Nagaitsev Formalism

One available formalism follows the approach introduced by S. Nagaitsev in [57].
It provides a fast computation method through symmetric elliptic integrals of the
second kind, Rp(x,y,z), defined as:

3 [ dt
Rp(x,y,z) = —/ . (12.3)
p(xy:2) =3 |, VEF 0+ ) (E+2)3
Interestingly, this elliptic integral has the following special properties:
Rp(x,x,x) = x3/2 (12.4)
3
Rp(x,y,z) + Rp(y,z,x) + Rp(z,x,y) = (12.5)

XYz
Thanks to Eq (12.5) only two evaluations of this integral are needed to obtain various
simple terms from which one can compute the growth rates. Importantly, the compu-
tation time of this integral in Nagaitsev’s approach does not scale with the size of the
lattice.
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First the ay, a,, a5, a; and a, terms are computed:
y P

D2 1
ﬂx:&ray:@/ﬂs:ﬂx (_x_i_q)i) +ﬁ/

2
Ex &y Px p (12.6)
1 1
a = 5 (ax+ %), a2 = S (ax = 7’as)
where the @, , term is defined as:
/
D
&o,, =D, — AW (12.7)
YT 2By

Then the A1, A; and A3 terms are computed:

M =ay, Ay =ay+ /a3 + Y2022, A3 = ay — (/a5 + y2a2D2 (12.8)

and used to compute three integrals R, R, and R3 (though with Eq (12.5) only two
need to be computed):

1 1 1 1
Rl= —Rp(—,—,—
)\1 D(AZI)Lg’)Ll)’
1 1 1 1
R2= —Rp(—, —,—), 12.9
1 1 1 1
R3= —Rp(—, —

Using all the above the S pr Syand S xp terms are computed according to Eq (12.10):

4

2
sp:% 2R —R, [ 1— 32 Ry |1+ 32
B+ a0 B+ 2202

1
Sx=75 |2R1— R {1+ 50 —Ry|1- 5 , (12.10)
\/ 3 + a3 d2 \/ 35+ y2aid?
3 2@2
Sxp — ,Y xax (R — Rz)

From these, one computes the integrals - called the Nagaitsev integrals in the xfields
code base - I, I, and I:

C Byds D2
I — PP g X 4L ®2)S,+ S|,
x 0 LO’xO'y{x_F(,B%—i_ x) P+ XP}
C B,ds
I, = Y (R, +R3 — 2R 12.11
Y 0 La_xo_y( 2+ K3 1)/ ( )
C 4
I = i

o Lowoy ™"
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with C the circumference (or length) of the machine. Finally, the emittance growth rates
in the horizontal, vertical and longitudinal planes are computed as:

ldexy 1 NrjcLc 12.12)
ey dt ey 1271B3950, " '

1 de 1 NracL

i R S (12.13)
ey dt &y 123y 0,

lde, 1 NrjcLc (12.14)
e, dt o3 127p3yS0, z '

In the above N is the total beam intensity, r( the classical particle radius, c the speed
of light in vacuum, L¢ the Coulomb logarithm from Eq (12.2), B and 7y the relativistic
parameters of the beam and ¢, the bunch length.

Please note: Nagaitsev’s computations yield emittance growth rates. In Xsuite these
are computed as exposed above, and converted to amplitude growth rates before be-
ing returned to the user, as shown in Fig. 12.1.

Importantly, this formalism does not take into account vertical dispersion, and in the
presence of Dy, will yield an erroneous vertical growth rate. For machines with verti-
cal dispersion, the Bjorken-Mtingwa formalism presented below is recommended.

12.1.2 Bjorken-Mtingwa Formalism

The IBS growth rates can also be computed according to the theory by Bjorken and Mt-
ingwa [58]. The specific implementation follows that of the MAD-X code, for which
modifications to the terms of B&M'’s theory have been made by Antoniou and Zim-
mermann to account for vertical dispersion non-ultrarelativistic beams [59].

In this formalism, growth rates are computed at every element in the lattice and aver-
aged over the machine. For a given plane u (horizontal, vertical or longitudinal), the
emittance growth rate is computed as:

Nr2cmPLen? [ o dAN1/2 1 1
T, — o et / {Tlﬁwi‘( )-—3TLW>< )}
! 4T < 0 [det(L+AI)]Y? ' "\LTAl g L+ Al

(12.15)
in which N is the total beam intensity, ry the classical particle radius, ¢ the speed of
light in vacuum, m the mass of the considered particle, L the Coulomb logarithm
from Eq (12.2), 7y the relativistic parameter of the beam, and I' the six-dimensional
phase space volume of the beam, defined as:

T = (2r)° (By)® mPere,050% (12.16)
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with o the relative momentum spread and ¢, the bunch length. One should note the

expression for T is corrected by a factor /2 for coasting beams.

In Eq (12.15) A is simply the integration variable, I is the 3x3 identity matrix, and L is

the 3x3 matrix and the matrix L is defined as:

L=L® 410416,

where the plane-dependent matrices L™, LW and L®) are defined as:

LY = 19 PHy/By 0 |
0 0 0
5 0 0 0
_ry
L(y)—g 0 *Hy/By —7dy |
0 —7¢y 1
000
L& =101 0
95
000
The @, , and Hy,, terms are defined as:
BryDxy
=D, -
Pry Y 2Bxy
and
D3y By
Y By .

(12.17)

(12.18)

(12.19)

(12.20)

(12.21)

(12.22)

In [59] a new expression was derived for each growth rates, which is the implemented
approach. In xfields, the computation of the growth rates takes the following steps.
First the a, b, c, ay, by, ay, by, a, and b, terms are computed as defined below:

(B ) e ()

Ex €y o5 & &y

X
£,

(12.23)

212
. <&+@> (’72D32c_|_'7Dy+7_2>+%72(q>§+q>§)+‘8 Pv (1224

£x &y exBr  &yBy 02 Ex€y

c

_ BxBy (’YZD§ 7°Dj T+ 7_2>

_|_
exty \ &xPx &Py 02

y

(12.25)
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H H 2
ay =277 <Hx+—y+i2)—ﬁx vy P (25’(—@—7—)
Y

&x & 02 Hyey,  Hyoy? ey 03

bbb (SPipgr)

sx ey 'ysz

ZH ZH 2 2 2 4
=<&+&> L e I +(&—ﬂ)&
€x &y Ex €y o3 &4 &} Ex &y ) &x

« (7P (Bx 2 x . 2202 22
- (Z—g <ﬁ__ ﬁy>+ﬁ By, ﬁﬁy72¢2+72< ﬁ% ))

ex &y ExEy ExEy g2

(12.26)

y
L PxHy (Bx 2Py
sny £y €y
(12.27)
H H, /H H
ay:_f(s—“r— %8—+0>+274ﬁ—y(8—y+8—">
4 x y & 0§ y Ny * (12.28)
P (B ) ()
Byos Ex &y &y !
2 H 4 *H
by = (@_ﬂ) (_x+_> (ﬁy 5x) V°Hy by
ey €y €y (75 ey €y ey exey
) 2(1)2 2(1)2 4H H. 1
por (25 Py %) 1y (& N @) By, 1 (12.29)
€% &y By \e&x gy &y 05
H.H H ;
+<&+@> Ay ey x¢2+_§/q)§ n ﬁxﬁy,yzq)z
&x & Byex ﬁy e £y Ex€y
H H 1
0= 272 (_x+_y+_2)_&_@ (12.30)
& & 0 €&x &y

H 2 £2 2@2
b, = <;Bx !—’3y) ( +_y+lz> _oPby 2 <5Xf’x+ﬁy2y> (12.31)
ex & &x & 03 exey €2 &2

Finally, the emittance growth rates in the horizontal, vertical and longitudinal planes
are computed as:

(12.32)

1 dey Nr%cm3LC7T2 Y*H, /°° AL/2 [axA + by i
e dt T €y 0 (A3+aA2+bA+0)

ey dt T ey A3 +aA2 +bA+c

EEZWQ&} /°° A2 [ayA + by dA> (12.33)
o ( ) .
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Ldes_ Nrjewicrt [[2] > N2ladvb] 1239
e, dt 9T o5 | Jo (A*+ar2+DbA+c)

where the constants in the common fraction term are the same as for Eq (12.15), A is
an integration variable and the angled bracket signify the averaging over the lattice,
given the terms contained inside are arrays with one value per element.

Please note: Bjorken and Mtingwa’s computations yield emittance growth rates.
In Xsuite these are computed as exposed above, and converted to amplitude growth
rates before being returned to the user, as shown in Fig. 12.1. where the constants
in the common fraction term are the same as for Eq (12.15), A is an integration vari-
able and the angled bracket signifies the averaging over the lattice, given the terms
contained inside are arrays with one value per element.

12.2 Steady-state emittances

The steady-state emittances in the presence of Synchrotron Radiation (SR), Quantum
Excitation (QE), and Intra-Beam Scattering (IBS) emerge from a dynamic equilibrium,
where the combined effect of these three phenomena balances each other out. More
specifically, the QE and SR are accounted for through the natural emittances and SR
damping constants, the IBS is described by its growth rates. Each of these effects
depends on the optical functions along the storage ring. All the following equations
remain valid independently of which formalism (Nagaitsev or Bjorken-Mtingwa) is
used when computing the IBS growth rates. In addition, the SR damping constants
and IBS growth rates follow the amplitude convention as defined in Eq. (4.15).

12.2.1 Steady-state emittances with QE, SR, and IBS

The steady-state emittances are solutions to a system of three ordinary differential
equations describing the dynamic interplay of the QE, SR, and IBS. The system of dif-
ferential equations can be solved numerically by computing the emittance evolution
for a succession of infinitesimal time steps. The equations are as follows:

dey,
dt
IBS

£,0 is the natural emittance, ¢, the emittance, 3R the SR damping constant and «/,
the IBS growth rate. It can be noted that the IBS growth rates are a function of all three
emittances (x5° (ey, &y, €2)).

The steady-state emittance is reached when the emittance evolution reaches zero and

leads to:

= —erflR (ey —€up) + ZaﬁBSsu, Uu=xY,z (12.35)

€u0 .
ey = W, u=x,Y,2z (12.36)

Although mathematically correct, the equation assumes a finite vertical emittance. In
the case of lepton storage rings, the vertical emittance is often negligible in the absence
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of vertical dispersion or betatron coupling. As a result, the IBS growth rates would
reach extremely large values when a near zero vertical emittance is considered. A
finite vertical emittance is introduced through betatron coupling or an external exci-
tation to overcome this limitation.

12.2.2 Steady-state emittances due to betatron coupling

In the presence of betatron coupling, emittance sharing occurs between the two trans-
verse planes. The treatment of betatron coupling can be simplified by expressing it
through the emittance coupling factor x = &,/&y, the ratio of the perturbed vertical
emittance to the horizontal one.

Based on the natural emittance, defined in Eq. (4.39) but written in a form [60] so that
the horizontal damping partition number j, appears:

2]
5
gg=C -—
0 1 Jx I
where C; = %gmiec ~ 3.84 x 10~ 13 m for electrons, 7 the relativistic gamma and I, I5

respectively the second and fifth radiation integrals.

2 3
3 7 (K°H)
§0=C,— ,
0 q]x K2

~ ] Kj
where j, = Jﬁ + % (12.37)

Here, j, represents the vertical damping partition number. After some simplifications
and remembering &) = & + &, we finally obtain:

z ) €0 g ) K€
,O = = - ,O = = -
T4k 1+K%I T4k 1+ xft

(12.38)

Furthermore, the perturbed horizontal and vertical emittances can be expressed as a
function of the ones without betatron coupling:

s KE

T (Ejy: .
1+« 1+«
Jx Jx

€y =

It can be noted that total transverse emittance conservation occurs solely if j, = j,.
As a result, the transverse emittance evolution can be rewritten as:

dg
d—t” = 2058 (8, — &,0) +2alB%,, u=1xy (12.39)
And the steady-state transverse emittances become:

fu0 u=1xy (12.40)

aIBS
_ u
iR (1%, /jx )

e
=
I
~
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12.2.3 Steady-state emittances due to an external excitation

Alternatively, a finite vertical emittance can also be obtained by exciting the beam
using the Pulse-Picking by Resonant Excitation (PPRE) method [61] in the vertical
plane. In this situation, the horizontal and vertical planes are left uncoupled while
the vertical emittance can be controlled. Nonetheless, the emittance coupling factor
can still be employed. In this scenario, the emittance evolution follows Eq. (12.39) and
the final emittance Eq. (12.36). Compared to the previous case, the total transverse
emittance is not conserved even if jy = jy.

12.3 1IBS Kicks

The approach of using analytical growth rates does not provide a way to study the
interplay of IBS with arbitrary effects, such as space charge, electron clouds, beam-
beam, etc. To do so, it is necessary to include IBS effects in tracking simulations to-
gether with other desired effects. In xfields two elements are available to model IBS
effects in tracking simulations, both providing momenta kicks to tracked particles
according to a specific formalism.

12.3.1 Analytical Kicks

A first element is available to provide momenta kicks based on analytical growth
rates, according to the approach introduced by R. Bruce [62]. In xfields the computa-
tion of the kick is done as follows.

First, the beam intensity N, bunch length ¢, momentum deviation ¢, and geometric
emittances ¢y are inferred from the tracked particles object. These are used to com-
pute the analytical IBS growth rates. From these, each particle is given a momentum
kick in each dimension according to:

Apu = Rop, \/ZTIBS,uTrevaZﬁp(z) SU=X,Y,2 (12.41)

Here R is a random number from the standard normal distribution; 0}, is the standard
deviation of the momentum in plane u; Tjps , is the emittance growth rate for plane u;
Trev is the revolution frequency and p(z) is the longitudinal line density.

Note from the form of Eq (12.41) that only zero or strictly positive growth rates are
valid, and as such this formalism is traditionally available above transition energy.

The longitudinal line density p(z) is used as a weighting factor to provide a stronger
kick to particles in the denser regions of the bunch. It is obtained by binning the
longitudinal plane of the particle distribution and normalizing the values.
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12.3.2 Kinetic Kicks

A second element is available to provide momenta kicks based on diffusion and fric-
tion terms from the kinetic theory of gases, as introduced by P. Zenkevich [63]. The
momentum kick has a form similar to the Langevin equation:

Apy = —Kupuoz/1p(z) At + Roy, \/ZCMUZ\/Ep(z)At JU=X,Y,zZ (12.42)

where K, and C,, are functions of the friction and diffusion terms, respectively.

In xfields the exact implementation makes use of terms from the Nagaitsev formalism
(see 12.1.1) as derived by M. Zampetakis [64]. First the ay, a,, as,41 and a, terms are
computed according to Eq (12.6). Then the A1, A; and A3 terms are computed accord-
ing to Eq (12.8), to obtain the Ry, Rp and Rj elliptic integrals according to Eq (12.9).

New forms equivalent to the original diffusion and friction terms of the Approximate
Model can be expressed from these. By first defining

q = /a5 + y2a2P2, (12.43)

one can first compute:
1
Dix = - {2R1+R2 (1—“—2> +Rs (1+a—2)} :
2 q q

(12.44)

2 a a
D,,=1 {2R1+R2 <1+—2>—|—R3 (1—_2)},
2 q q

Kx:R2(1+a—2)+R3(1—a—2),
q q

K, = 2Ry, (12.45)

K, = 72 [RZ (1—%2)“%3 <1+%2)] .

The following integrals are computed from the above:

and then:

C B.ds D2
sz’ - 5x {Dx,x + (_x + q)}?}) Dz,z + Dx,z} ’

0 Coyoy B2
C B,ds
Y
L — 7 , 12.46
yi 0 C(Txa-y vy ( )
C ds
Dzi - —Dz,z .

0o Coxoy
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C B.ds D2
By— [ P [K + (—x +<I>,%) K] ,

0 Coxoy B3
¢ B,ds
L, = " Ky, 12.47
yt o Coyoy ( )
C ds
in - z .
0 Coxoy

with C the circumference of the machine. Finally, the new diffusion coefficients are
computed according to:

1 NrcLc

1 NricLc
— - _T0°RC p 12.49
ey 12BRyd0, Y ( )

1 NricLc
=_—__ 0 p. 12.50
GZ 0_52 127_[‘33,')/50_2 Z1 ( )

and the friction coefficients according to:

1 NrjcLc

1 NricLc
[,=——29% "> F. 12.52
Y ey 12nB3 00, ( )

1 NrjcLe
FF=——% = F, 12.53
z 0_(% 127_[‘33,)/50_2 Z1 ( )

In the above N is the total beam intensity, rg the classical particle radius, c the speed of
light in vacuum, L¢ the Coulomb logarithm from Eq (12.2).  and vy are the relativistic
parameters of the beam and ¢, the bunch length.

From these coefficients, each particle is given a momentum kick in each dimension
according to:

A u = _.Fu uTre'Uz\/EO—Z Z -I_ RU TreyGuZ\/EUz Z ;u = x, ,Z (12.54)
p p p Pu P Yy

Here R is a random number from the standard normal distribution; p, and 0y, are
the momentum and its standard deviation in plane u; T}, is the revolution frequency
and p(z) is the longitudinal line density as defined previously (see 12.3.1).
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Chapter 13

FFT solvers and convolutions

13.1 Notation for Discrete Fourier Transform

We will use the following notation for the Discrete Fourier Transform of a sequence
of length M:

i = DFTp1(ay) Z ap e 7N fork €0,.., M (13.1)

The corresponding inverse transform is defined as:
1 1 M_l 2 km
14 . ighkm

aym = DFT, [ () = i k;) agel™m forme€o0,... M (13.2)

Multidimensional Discrete Fourier Transforms are obtained by applying sequentially
1D DFTs.. For example, in two dimensions:

ik, = DFT i, {amxmy} = DFTy, {DFTys, {am, } }
Moot o S (13.3)

Z e—]Zn Z e—] ="My, My ﬂmxmy

my=0

Ao, = DFTt g { e, b = DFTR {DFTR! {ac s,

1 Mesl o Ml kymy (13.4)
_ Z e]271 e Z e] My 4
M, M Kcky
XY k=0 ky=0

13.2 FFT convolution - 1D case

The potential can be written as the convolution of a Green function with the charge
distribution:

¢(x) = /+OO o(x") G(x — x")dx’' (13.5)

—00
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We assume that the source is limited to the region [0, L]:

p(x) = p(x) 1y (x) (13.6)

where ITj, ; (x) is a rectangular window function defined as:

1 forx € [a,b]

(13.7)
0 elsewhere

I, (x) = {

We are interested in the electric potential only the region occupied by the sources, so
we can compute:

¢r(x) = ¢(x)p 1) (x) (13.8)
We replace Eq. (13.6) and Eq. (13.8) into Eq.(13.5), obtaining:
+o0
¢r(x) = I ) (x) . I ) (&) p(x") G(x — x")dx’ (13.9)

We apply the change of variable x” = x — x:
40
¢r(x) = o1y (x) T 1 (x = ") p(x — x) G(x”) dx” (13.10)

—00

The integrand vanishes outside the set of the (x, x") defined by:

L
0<x< (13.11)
0<(x—x")<L
We flip the signs in the second equation, obtaining;:
L
0<x< (13.12)
—L<(x"—=x)<0
Combining the two equations we obtain:
—L<—-L+x<x'"<x<L (13.13)

i.e. the integrand is zero for —L < x”" < L. Therefore in Eq.(13.10) we can replace
G(x"") with its truncated version:

GZL(XN) = G(x”) H[fL,L] (x”) (13.14)
obtaining:
—+00
¢r(x) = o ) (%) M py (x — ") p(x — x7) Gor (x")dx" (13.15)

—00

Since the two window functions force the integrand to zero outside the region |x”| <
L we can replace Gy (x”") with its replicated version:

+o0 +o0
Gaur(x") = ), Gor(x"—2nL) = ) G(x"—2nL)II_ ; (x" —2nL) (13.16)

n—=——0o0 n—=—0o0
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obtaining:
pL(x)= [ Ty (x) g (x —x") p(x = x"") Gorr(x")dx" (13.17)

We can go back to the initial coordinate by substituting x” = x — x’:
too / / /
PL(x) = o) () [ p(x') Gaun(x = ¥)dx (13.18)

This is a cyclic convolution, so we can proceed as follows. We split the integral:

+oo 2(n+1)L , , ,
¢(x) =T (x) ) /2 . p(x") Gorr(x — x') dx (13.19)
n=—oo v <N
In each term we replace x”/ = x’ + 2nL:
Hoo 2
pr(x) =Ty (x) Y / o(x" —2nL) Gorr(x — X" —2nL)dx"  (13.20)
0

n=—oo

We use the fact that Gy r(x) is periodic:

+oo 2L
$L(x) =Ty (x) Y [ p(x" —2nL) Garr(x = x")dx"
0

n=—oo
(13.21)
2L+
x) / Z ,0 ¥ ZnL GZLR(X . x///)dx///
0 n="o0
We can define a replicated version of p(x):
P21R (X Z p(x —2nL) (13.22)
n—=—oo
noting that this implies:
porr(x) =0 forx € [L,2L] (13.23)
We obtain: .
ch(x) = H[O,L] (x) 0 pZLR(x’) GZLR(X — x’)dx’ (13.24)
The function:
2L / / /
¢2LR(X) = 0 pZLR(x ) GQLR(X — X )dx (13.25)

is periodic of period 2L. From it the potential of interest can be simply calculated by
selecting the first half period [0, L]:

¢r(x) =T 1] (x) P2rr(x) (13.26)
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To compute the convolution in Eq. 13.25 we expand ¢, r(x) in Fourier series:

$arr(x Z /¥ 3T (13.27)

k=—o0
where the Fourier coefficients are given by:
7 1 2L 27tk 5
¢ = i 0 (PzLR( ) IR dx (13.28)

We replace Eq. (13.25) into Eq. (13.28) obtaining;:

2L ,2L . ¥
(,13]{ = ﬁ /0 0 szR(x/) GZLR(x — x’) (37]27-[1{Z dx' dx (1329)

With the change of variable x”" = x — x’ we obtain:
B 1 2L . kx/ 2L n kx//
Kk — = 2LR x’ 67]27-( ﬁdx' GZLR x" e JFar dx” (1330)
()b 21 0 p 0
where we recognize the Fourier coefficients of porr(x) and Gorr(x):

1 2L

O = Z szR(x) e—janﬁ dx (13.31)
0
B 1 2L o
Gy = — GZLR(JC) e J2kar dx (13.32)
2L Jo
obtaining simply: X
b = 2L Gy P (13.33)
I assume to have the functions prr(x) and Gyrr(x) sampled (or averaged) with step:
2L L
he =5 = < (13.34)

I can approximate the integrals in Egs. (13.31) and (13.32) as

Ok = 7+ PZLR (xq) e 275 = —py (13.35)
M n=0 M
G =~ Mz_lc () e 27 = 16 (13.36)
k= 77 2LR\An — Uk .
M n=0 M

where we recognize the Discrete Fourier Transforms:

Px = DFTp {p20r(xn) } (13.37)
Gr = DFTy {Garr (%)} (13.38)

Using Eq. (13.27) we can obtain a sampled version of ¢(x):

$orr (xn) Z Pr o275 (13.39)
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where we have assumed that ¢(x) is sufficiently smooth to allow truncating the sum.
Using Eqgs. (13.33), (13.35) and (13.36) we obtain:

M= 2L M= in . kn
Porr(x,) = 2L Z Gy pr €27 = Ve Z i O e/*™m (13.40)
n=0 n=0
This can be rewritten as:
1 M_l A '2 kn 1
Parr(xn) = 37 ) (heGy) pr @™ = DFT) ! {¢} (13.41)
n=0
where
Pr = hxGy Px (13.42)
We call “Integrated Green Function” the quantity:
Gorr(¥n) = hxGorr (xn) (13.43)
we introduce the corresponding Fourier transform:
Gint — DFTy, {Gng(xn)} (13.44)
Eq. (13.42) can be rewritten as:
$r = GI" py (13.45)

In summary the potential at the grid nodes can be computed as follows:

1. We compute the Integrated Green function at the grid points in the range [0, L]:

Gint _ [ G0 13.46
LR (Xn) = - (x)dx (13.46)

n—3
2. We extend to the interval [L, 2L] using the fact that in this interval:

Gt (x,) = G (x, — 2L) = GIR% (2L — xy) (13.47)

where the first equality comes from the periodicity of G (x) and the second

from the fact that G(x) is an even function (i.e. G(x) = G(—x)). Note that for
xy € [L,2L] we have that 2L — x,, € [0, L] so we can reuse the values computed
at the previous step.

3. We transform it:
Gi™ = DFTan {Gorr(%n)} (13.48)

4. We assume that we are given p(x,) in the interval [0, L]. From this we can obtain
p20r (Xn) over the interval [0, 2L] simply extending the sequence with zeros (see
Eq. (13.23)).

5. We transform it:
Or = DFTon {021r (x4) } (13.49)
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6. We compute the potential in the transformed domain:

A A

$r = GMp,  for k € [0,2N] (13.50)

7. We inverse-transform:
¢orr (xn) = DFTop {c } (13.51)
which provides the physical potential in the range [0, L]:

<p(xn) = (PZLR(xn) for x, € [0, L] (13.52)

13.3 Extension to multiple dimensions

The procedure described above can be extended to multiple dimensions by applying
the same reasoning for all coordinates. This gives the following procedure:

1. We compute the Integrated Green function at the grid points in the volume
[0, Ly] x [0,Ly] x [0, L;]:

h

Gint B mrd et . 426G 13.53
LR (X Yny Zn.) = o P 8 y z2G(x,y,2) (13.53)
nx 72 ny 7

2. We extend to the region [0,2L,] x [0,2L,] x [0,2L;] using the fact that:

GirllfR(xn/J/ann) Gng( — 2Ly, Yn, Zn) = GizritR(ZLx — X, Yn, Zn)
for x,, € [Ly,2Ly],yn € [O,ZLy],zn € [0,2L;] (13.54)

GETR(xn/ymzn) GizritR(xnryn — 2Ly, Zn) = GizritR(xanLy — Yn,Zn)
fory, € [Ly, 2Ly}, xy € [0,2Ly],2, € [0,2L;] (13.55)

int

GéritR(xn/yann) GizritR(xnfyann —2L;) = Gyrr(xn,Yn, 2Lz — zn)
for z, € [Lz,2Ls), %y € [0,2L], yn € [0,2L,] (13.56)

This allows reusing the values computed at the previous step.

3. We transform it:

é;ifﬁykz = DFTan,2N,2N. { GaLr (X0, Yn, Zn) } (13.57)

4. We assume that we are given p(x,,, Y, z4) in the region [0, Ly] x [0, Ly] x [0, L;].
From this we can obtain porr(x,) over the region [0,2L,] x [0,2L,] x [0,2L,]
simply extending the matrix with zeros (see Eq. (13.23)).

5. We transform it:

Aint

Pik,k. = DFTan,oN, 2N {020R (X0, Y Zn) } (13.58)
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6. We compute the potential in the transformed domain:

(ﬁkxkykz = é]i{rj(ykz pkxkykz for kx/]//z € [O’ 2NX/]//Z] (1359)

7. We inverse-transform:
§21R (Xn, Y, 2n) = DTyl 5o {qskxkykz} (13.60)

which provides the physical potential in the region [0, Ly| x [0, L] x [0, L;]:

Qb(xn/]/nrzn) = 472LR(xn/]/n/Zn) for (xl’l/ Yn, Zn) € [O/ Lx] X [0/ Ly] X [O; Lz] (13.61)

13.4 Green functions for 2D and 3D Poisson problems

3D Poisson problem, free space boundary conditions

For the equation:

1
Vip(xy,2) = = -p(x,¥,2) (13.62)

where:

9 3 9
V = (E’ @’E) (13.63)

the solution can be written as
+00
¢(x,y,z) = /// o(x',y,Z)G(x—x",y—y,z—2)dx' dy d7’ (13.64)

where:

1 1

- 4meg \/x2 + y2 + 22

G(x,y,2) (13.65)




162 CHAPTER 13. FFT SOLVERS AND CONVOLUTIONS

The corresponding integrated Green function [65]. can be written as:

. St oyt ot
Cht o zn) = [ T [ Ty [ T d2G(x,y,2)
Xy — 3 Yny = Zn; =3
=+F (xnx + %,ynx + %,an + %)
—F <xnx i /]/nx zy, %)
—F (xnx + %,ynx hzy,znx - %)
+F (xnx + %,yn,, hzy, %)
—F(xnx—% +hzy,znx+%)
—I—F(xnx—% —i—hzy, %)
+F <xnx hzx Yny — hzy,znx + %)
where F(x,y,z) is a primitive of G(x,y, z), which can be obtained as:

x Yy x
F(x,y,z) :/ dx/y dy/ dzG(x,y,z)
X0 0 20

with (xg, Yo, zo) being an arbitrary starting point.
An expression for F(x,y,z) is the following

F( dxdydz

2 =g [ ez
Y " e X2+ y? + 22

= 1 —ZZ arctan XY
- 47'[80 2

2
7 arctan
z\/x2+y2+22> (y\/x2+y +22>
x? yz <
— ——arctan +yzln [ x4 (/x2+ 2-1—22)
2 (x\/x2+y2+zz> / /
+xz1n (y+\/x2+y2+zz>+xyln (z+\/x2+y2+zz>}

(13.66)
(13.67)
(13.68)
(13.69)
(13.70)
(13.71)
(13.72)
(13.73)

(13.74)

(13.75)

(13.76)

(13.77)

(13.78)

(13.79)

Note that we need to choose the first cell center to be in (0,0,0) for evaluation of the
integrated Green function. Therefore the cell edges have non zero coordinates and

the denominators in the formula will always be non-vanishing.



13.4. GREEN FUNCTIONS FOR 2D AND 3D POISSON PROBLEMS 163

2D Poisson problem, free space boundary conditions

For the equation:

1
Vig(x,y) = . P(oy) (13.80)
where: -
V= (5,@) (13.81)
the solution can be written as
+o0
¢(x,y) = /// p(x",y)G(x —x',y —y')dx' dy’ (13.82)
where:
G(x,y) = e log ( 7 (13.83)

where r( is arbitrary constant which has no effect on the evaluated fields (changes the
potential by an additive constant).
The corresponding integrated Green function can be written as:

int x"x+h7x y”y+h7y
Gorr (Xne Yn,) = / . dx / Ay G(x,y,2) (13.84)
xnx—TX yny_jy
h h
—+F (xnx + g,ynx + %) (13.85)
h h
—F (xnx + 73{/ Yn, — %) (13.86)
h h
_F (xnx — ?",ynx + ?}/) (13.87)
h h
+F (xnx - ?x,ynx - Ey> (13.88)
where F(x,y) is a primitive of G(x, y), which can be obtained as:
x Y
F(x,y) :/ dX/ dy G(x,v) (13.89)
*0 Yo

where (xo, o) is an arbitrary starting point.
An expression for F(x, y) is the following (where we have chosen ry = 1):

1
F(x,y) = ~ e // In <x2 +y2> dx/,dy (13.90)
_ 1 — x? —1? _ 2 2
= Iy [3xy x* arctan(y/x) — y*arctan(x/y) — xyIn (x +y )} (13.91)

Note that we need to choose the first cell center to be in (0,0) for evaluation of the
integrated Green function. Therefore the cell edges have non zero coordinates and
the denominators in the formula will always be non-vanishing.
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13.5 Generalization to observation interval different from
source interval

The potential generated by a source p(x) can be written as the convolution of a Green
function with the charge distribution:

“+o0
P(x) = / o(x") G(x — x")dx’' (13.92)

—00

We assume that the source is limited to the region [a, b
p(x) = p(x) iz (x) (13.93)

where I, ;) (x) is a rectangular window function defined as:

1 forx € [a,b]
I1 = 13.94
o) (%) {0 elsewhere ( )
We are interested in the electric potential in a given region [c, d], so we can compute:
Pea(x) = ¢(x) [ g (x) (13.95)

We combine Egs. (13.93), (13.95) and (13.92), obtaining:

—+o00
Pea(x) = Ijc 4 (x) M () p(x") G2 — x")dx’ (13.96)

We apply the change of variable x” = x — x”:

+oo
Pea(x) = | e (x) Ty (x = x") p(x — ) G(x") dx” (13.97)

The integrand vanishes outside the set of the (x, x”") defined by the two window func-

tions:
c<x<d
13.98

{a<(x—x”)<b ( )

We flip the signs in the second equation, obtaining:

c<x<d (13.99)
“b< (¥ —x)< —a

Combining the two equations we obtain:
c—b<-b+x<x'<—-at+x<d-—a (13.100)

i.e. the integrand is not zero for c — b < x” < d — a. Therefore in Eq. (13.97) we can
replace G(x) with its truncated version:

Gtr(x”) = G(x//) H[c—b, d—a| (x//) (13.101)
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obtaining:

+oo
Poa(x / Mg, (x) Ty (x = X7) p(x — ¥") Ger(x")dx” (13.102)

We can go back to the initial coordinate by substituting x” = x — x:

+o00
Peax) = Mieg () [ p(x!) Gurlx = x)x’ (13.103)
We call:
Li=b—a (13.104)
Ly=d—c (13.105)

The measure of the set on which G (x) is non zero is
(d — a) — (C — b) =L+ L, (13.106)
We define L such that:
L+ L, =2L (13.107)

Since the two window functions in Eq. 13.102 force the integrand to zero outside the
region ¢ — b < x” < d — a of measure 2L, we can replace G (x") with its replicated
version:

Gr(x" Z G (x" —2nL) Z G(x" —=2nL) Ty 4_q (x" —2nL) (13.108)
n=—oo n=—oo
obtaining:

—+o0
Pa(x) = [ Mg () Ty (x — 2") plx — x) Gr(x")dx" (13.109)

We can go back to the initial coordinate by substituting x” = x — x:

—+o0
Pea () = i (x) | p(&') Gr(x = ')’ (13.110)

This is a cyclic convolution, so we can proceed as follows. We split the integral:
e 2L o
Pea(x) = I g (x) Y. /2 p(x") Gr(x — x') dx (13.111)

n=—oo /2nL

In each term we replace x”/ = x’ + 2nL:

+o 2L
Pea(x) =T g (x) ) /O p(x"" —2nL) Gr(x — x"" — 2nL) dx"" (13.112)

n—=——0o0
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We use the fact that Gg(x) is periodic:

= 2L " //I "
Peal®) =T (v) 3 [ p(x" = 20L) Gr(x = x")dx

n=—o0

2L
:H[c,d] (x)/ /// Z P X" ZnL dx""
0

n—=—o0
We can define a replicated version of p(x):
—+00
pr(x) = ) p(x—2nL)
n=—oo
We obtain: -
Pet(x) = Teay () [ pr(x') Gr(x = ')’

The function:

Pr(x) = /02L pr(x") Gr(x — x")dx’

(13.113)

(13.114)

(13.115)

(13.116)

is periodic of period 2L. Replacing in Eq. 13.115 we see that the potential of interest

can be simply calculated by selecting the right interval [c, d]:
Pea(x) = I 4 (x) Pr(X)

(13.117)

To compute the convolution in Eq. 13.116 we expand ¢r(x) in a Fourier series starting

from x = c:

where the Fourier coefficients are given by:

- 1 2L . x
o = T Pr(x) e~ 127har dye
0

We replace Eq. (13.116) into Eq. (13.119) obtaining:

. 1 2L 2L o
= —— r(X) Gr(x — x') e 727kar gy’ dx
2L Jo Jo P

With the change of variable x” = x — x’ we obtain:

qsk _ i /ZL pR(x’)e*jznk%dx’ /ZL GR(x//)e—jZNk’z‘—/L/ dx"
2L Jo 0

where we recognize the Fourier coefficients of pg(x) and Gg(x):
) 2L
fe=17p | Pr(Y)

2L
= ]27'(k
Gy —2L 0 GR( 2L dx

]27rk2L dx

(13.118)

(13.119)

(13.120)

(13.121)

(13.122)

(13.123)
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obtaining simply:
P = 2L Gy px (13.124)

We assume to have the functions pg(x) and Gg(x) sampled (or averaged) with step:

he =3 (13.125)

We assume that all intervals have size multiple of h,. So we can define:

Ny = Lq/hy (13.126)
Ny = Ly/hy (13.127)
We call:
PrRn = PR (a + nhy) (13.128)
Pra = gr (c+ nhy) (13.129)
Grn = Gr (C —b+ Ylhx) (13.130)

By construction in the range 0 < n < M:

_ p(a+nhy) for0<n< N
=0y = 13.131
PR = Pn {O for Ny <n<M ( )
GrRu=Gyn=G(c—b+mnhy) for0<n<M (13.132)
We can approximate the integral as follows:
2L a+2L ) X
Ok = 2L or(x) e 1273t dx = ZL/ r(x) e 727k dx (13.133)
h M 1 i ku-&-nh;L i2 7tk i
ZpRa-l—nh)e]” pis eJ”ZLMZpRe]”M (13.134)
We recognize the Discrete Fourier Transform:
~ —7 1 a 1
i = e J27kar S1OF T {orn} = e —J2mkar Vi (13.135)
and similarly we can obtain
- ke 1 iomke 14
Pr=e ]2”"2LMDFTM {Prn} = e JzﬂkzLﬁpk (13.136)
~ P |
Gy = e 12k MDFTM{GRH} — o2k MGk (13.137)

Replacing in Eq. 13.124 we obtain

A

B = hee ™5 5, = hyel2 W 5,6y (13.138)



168 CHAPTER 13. FFT SOLVERS AND CONVOLUTIONS

13.6 Compressed FFT convolution

We assume that the source has the form
B—1 |
p(x) =) p(x —jP)
j=A

where p}oc(x) is limited to the interval [a, b].
We are interested in the potential in a set of intervals given by:

[c+iP, d+iP] fori=C,..,D—1

The contribution of the j-th term of p to ¢ int the i-th interval:

+o0
9i(x) = / pI%(x' — jP) GIF j(x — x')dx’

where:
Gi'(x") = G(x") I;_pyp, 4—atip) (X")

We define a local version of G as
Gi"*(x) = G'(x +IP) = G(x +IP) 1y 44 (x)

obtaining:

—+o00

ij(x) = /_oo P}Oc(xl —jP) G}r,’]loc(x —x' = (i —j)P)dx’
We replace ¥’ = x" — jP:
Pii(x) = /+oo loc(x"y Gt loe(x — x' — iP)dx’

ij P i~

We define a local version of ¢:
$1°(x) = ij(x +iP)
obtaining:
IOC(X) _ e IOC(x/) Gt IOC(x . x’)dx’
P x)= | 0 i

I explicit all the pies:

+0o0
i (x) = /_Oo T 5 (X )T ey, g—a) (x = X' )0} (x) GJ¥ °°(x — x”)dx’

Again, we want to find the region in x where this is non-zero:

a<x <b
c—b<x—x'<d—a

(13.139)

(13.140)

(13.141)

(13.142)

(13.143)

(13.144)

(13.145)

(13.146)

(13.147)

(13.148)

(13.149)
(13.150)
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from which:

c—b+x <x<d—a+x
c—bt+a<x<d—a+b

So we find that (p};’c(x) is non-zero in the region:

c—Li<x<d+ 1L

The total potential in the i-th interval of interest:

—+o00
loc Z (Ploc Z /_oo ‘O}OC( )Gtr 10C( x’)dx’
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(13.151)
(13.152)

(13.153)

(13.154)

Since all terms in the sum are zero outside the region defined by Eq. 13.153 also ¢1°C( )
is zero outside the same interval, which is larger by 2L; compared to the set of interest

c,d].
We build:

D—A-1

GN(x)= ). G~ L)

|=C—B+1
where:

Laux - Ll + LZ
and

aux Z ploc x _ jLaux)
and we define oo
¢aux(x) — / pauX(xl) Gaux(x_x/)dx/

We extract a segment of it:

¢7" 1% (x) = 9™ (x + iLaw ) Mg (¥)
We replace Eq. 13.155:
+o00
B0 = e () [ () G™ (= '+ i)’
We replace Eq. 13.157 and Eq. 13.155:

4oo B—1 D-A-1

() = T (x) [ L 00 = Law) Y G (= (i

% i—A I=C—B+1

(13.155)

(13.156)

(13.157)

(13.158)

(13.159)

(13.160)

1) Laux )dx’

(13.161)

= H[c,d](x> 2 Z / p}oc(x/ —j aux) Gtr IOC( ¥y (l - l)Laux)dx’

(13.162)
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We change variable x” = x’ — (i — I) Laux

-1 B—1
(P?ux, IOC(x) _ Z Z / I1 cd IOC(x// + ( .y _j)Laux) Gltr, IOC(x . x”)dx”
I=C-B+1j=A
(13.163)
The integrand is nonzero for:
c<x<d (13.164)
a<x"+(i—1—j)Laux) <D (13.165)
c—b<x—x"<d—a (13.166)
I subtract the first and the last:
a<x"+(i—1—j)Laux) <D (13.167)
—b< —x"< —a (13.168)
I flip the last
a<x"<b (13.170)
The two are compatible only if
l=i—j (13.171)

This means that in the double sum only the terms satisfying Eq.13.171 are nonzero,
hence:

—+o0
(P?ux, IOC( H[cd Z / loc x//+ Gtr IOC( x”)dx” (13.172)

Comparing against Eq. 13.154 we find:
TTj g ()7 1% (x) = T g (%) 1% (x) (13.173)
Using Eq. 13.159 we obtain:
I 4 (x) loc(x) = g (x)p™(x + iLaux) (13.174)

To compute the convolution in Eq.13.158 we can use the results from the previous
section.
We call:

Ng=B—A (13.175)
Nr=D-C (13.176)
(13.177)
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The support of p?**(x) is:
[a + ALaux, @ + BLaux] having size NgLaux (13.178)
The support of G**(x) is:
[c—=b+ (C—B+1)Laux,c — b+ (D — A)Laux) having size (Ns + N7 — 1) Laux

(13.179)
Using a sampling step hy, we can define:
Ny = Li/hy (13.180)
Ny = La/hy (13.181)
Naux = Laux/hx = Nl + N (13.182)
The number of samples in the support of G®(x) is
Maux = (Ng 4+ N7 — 1) Naux (13.183)
We define
G =G™ (¢ —b+ (C—B+1)Laux + mhy) for 0 < m < Maux (13.184)
Replacing Eq. 13.155:
D-A-1
G = Y GF%c— b+ (C— B+ 1)Laux + Mhy — ILauy) (13.185)
I=C—B+1
D-A-1
= G(c—b+ (C—B+1)Laux + IP 4 hy(m — INaux)) x(13.186)
I=C—B+1
ey, g—g)(c — b+ (C— B+1)Laux + hx(m — [Naux)) (13.187)

We define:

Gls;gm = G(c—b+(C—B+1)Laux + 1P +nhy )Ty 4_g(c—b+(C—B+1)Laux+nhy)
for0 <n < Nyux and (C—B+1) <I< (D—A) (13.188)

So we can write:

—A-1
. segm
G%ux — | CZB 1 Gl,mleaux (13.189)
=C—B+
We define:
o _ P (a + ALaux +mhy) for 0 < m < NsNaux (13.190)
0 for NsNaux < m < Maux
We can use the result from before linking the DFTs of these sequences:
aux a )Naux+N
G = BN eﬂ”"Wix&pwxcm (13.191)

The inverse DFT of ¢2"* provides:
aux _ 4)aux (C + CLayux + mh ) for 0 < m < N7Naux (13.192)
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